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Abstract 

T and Y-systems are ubiquitous structures in classical and quantum integrable sys- 
tems. They are difference equations having a variety of aspects related to commut- 
ing transfer matrices in solvable lattice models, g-characters of Kirillov-Reshetikhin 
modules of quantum affine algebras, cluster algebras with coefficients, periodicity 
conjectures of Zamolodchikov and others, dilogarithm identities in conformal field 
theory, difference analog of L-operators in KP hierarchy. Stokes phenomena in ID 
Schrodinger problem, AdS/CFT correspondence, Toda field equations on discrete 
spacetime, Laplace sequence in discrete geometry, Fermionic character formulas and 
combinatorial completeness of Bethe ansatz, Q-system and ideal gas with exclusion 
statistics, analytic and thermodynamic Bethe ansatze, quantum transfer matrix 
method and so forth. This review article is a collection of short reviews on these 
topics which can be read more or less independently. 
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1. Introduction 

1.1. T and Y-systems. The T-system is a difference equation among commuting 
variables Tm\u), most typically appearing as (m € Z>o) 

TtHu - l)TtHu + 1) - T,^:Uu)T^Uu) + T,[r'Hu)Ti^+'\u). 

Originally it was found as a functional relation in 2D solvable lattice models in 
statistical mechanics [Tj . In this context, T,if ' (u) is a commuting row transfer matrix 
in the sense of Baxter [5] labeled with (a, m) and having the spectral parameter iQ. 
The Y-system is another difference equation, typically like (m G Z>i) 

It was extracted as a universal functional relation in thermodynamic Bcthe ansatz 
(TBA) for solvable lattice models as well as (1+1)D integrable quantum field theory 
models [31I11[S]. In this context, Ym\u) stands for the Boltzmann factor of an 
excitation mode in the sense of Yang- Yang [6] labeled with (a, m) and having the 
rapidity u. 

As such, the both systems originate in Yang-Baxter quantum integrable systems 
but arc apparently concerned with the objects that are not related too directly. 
The first curiosity is nevertheless that the formal substitution 



provides a solution to the Y-system in terms of the T-system. Moreover, such 
a canonical pair of companion systems can be formulated uniformly for all the 
classical simple Lie algebras g [T)i . Now we can give a deferred explanation of the 
superscript a; it runs over the vertices of the Dynkin diagram of g. The above 



^By T we meant Transfer matrices, but it can either be thought as Toda or Tau 
^Actually to be understood as Yangian 
Twisted case is also known. See Remark 12. II 



^Actually to be understood as Yangian Y(g) or untwisted quantum afiine algebra Uq{g). 
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formulas are just the examples from type where the case g = Ai goes back to 

In the relevant developments across the centuries, the T and Y-systems have 
turned out to be ubiquitous structures with a wealth of applications. For instance, 
they emerge in g-characters for Kirillov-Reshetikhin modules of quantum afhne 
algebras, exchange relations in cluster algebras with coefficients, periodicity conjec- 
tures of Zamolodchikov and others, dilogarithm identities in conformal field theory 
(CFT) and their functional generalizations, dressed vacuum forms in analytic Bethe 
ansatz. Stokes phenomena in ordinary differential equations, anomalous scaling di- 
mensions of A/" = 4 super Yang-Mills operators, area of minimal surface in AdS, 
Laplace sequence of quadrilateral lattice in discrete geometry, tau functions in lat- 
tice Toda field equations, Fermionic formulas for branching coefficients and weight 
multiplicities for Lie algebra characters, combinatorial completeness of string hy- 
pothesis in Bethe ansatz, Q-systcm and grand partition function of ideal gas with 
exclusion statistics, quantum transfer matrix approach to finite temperature prob- 
lems and so on. 

This review is a collection of brief expositions of these topics where the T and 
Y-systems have played key roles. It consists of sections of moderate length which 
are not too mutually dependent. A more detailed account of the contents can be 
foimd in Section [T^l 

As an overview, T-systcms are fundamental structures reflecting symmetries and 
algebraic aspects of the problems rather directly. They can also accommodate 
various gauge/normalization freedom of concrete models. On the other hand, Y- 
systems are more universal being more or less free from such degrees of freedom. 
They are suitable for practical applications with appropriate analyticity input. In 
fact, the connection between the T and Y-systems mentioned previously has opened 
a route to establish TBA type integral equations directly from transfer matrices 
without recourse to the TBA itself. In this sense, Y-systems are the format in 
which the symmetries encoded in the T-systems are most efficiently utilized as a 
practical implement. 

In the light of ever growing perspectives, what sort of equations or structures are 
to be recognized as T or Y-systems is actually a matter of time-dependent option. 
For instance from an algebraic point of view (leaving analytic aspects), T-systems 
have been generalized broadly to the quantum affinization of quantum Kac-Moody 
algebras by Hernandez [S] (Section l4.6p . Cluster algebra with coefficients by Fomin 
and Zelevinsky [S] offers a comprehensive scheme to generalize and control the T 
and Y-systems simultaneously by quivers (Section [S]). Nonetheless, this paper is 
mostly devoted to the description of basic results concerning the aforementioned 
"classic" T and Y-systcms associated with g. We therefore look forward to the next 
review to come, hopefully someday by some author, bringing a delightful renewal. 

1.2. Contents and brief guide. Here are abstracts of the subsequent sections. 
They will be followed by another brief guide to the paper. 

Section [31 The T and Y-systems for untwisted and twisted quantum affinc alge- 
bras are presented. They have unrestricted and level £ restricted versions. Those 
for Yangian are formally the same with the unrestricted ones for the untwisted 



The T-system for type A formally coincides with what is known as the Hirota-Miwa equation 
in soliton theory, which was an unexpected link also to classical integrable systems. 
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quantum affine algebra Uq{g), where g denotes a finite dimensional simple Lie al- 
gebra throughout the paper. We also include the Uq{sl{r\s)) case. This section is 
meant to be the reference of these systems throughout the paper. The first prop- 
erty, T-system provides a solution to Y-system, is stated. Subsequent sections will 
mainly be concerned with the untwisted case {/^(gj^. 

Section [3l The T-system was originally discovered as functional relations among 
commuting transfer matrices for solvable lattice models in statistical mechanics. We 
give an elementary exposition of such contexts for the both vertex and restricted 
solid-on-solid (RSOS) models along with their fusion procedure. The two types of 
models are related to the unrestricted and restricted T-systems, respectively. 

Section 21 We describe the background of the T-system in the representation 
theory of quantum afhne algebras such as classification of irreducible finite dimen- 
sional representations, Kirillov-Reshetikhin modules and g-characters. The funda- 
mental results are that (/-characters of the Kirillov-Reshetikhin modules satisfy the 
T-system fTheorem l4.8p and the description of the Grothcndicck ring Rep Uq{g) by 
the T-system (Theorem 14. 9p . A broad extension of the T-system to the quantum 
affinization of quantum Kac-Moody algebras is also mentioned. The results of this 
section are not necessary elsewhere except the basics of g-characters which will be 
mentioned in tableau sum formulas (Section [7|), analytic Bethe ansatz (Section [5]) 
and Q-system (Section ITH)). 

Section [5j The cluster algebra with coefficients is built upon cluster variables 
and coefficient tuples obeying certain exchange relations controlled by a quiver. 
We demonstrate how such a setup encodes the T and Y-systems simultaneously in 
an essential way. It opens a fruitful link with the cluster category theory, which 
led to a final proof of the dilogarithm identities in conformal field theory and the 
periodicity conjecture on the both systems for arbitrary level and g. 

Section [6l Jacobi-Trudi type determinant formulas are listed for T-systems for 
non exceptional g. The type Cr and Dr cases involve Pfaffians as well. 

Section [71 Tableau sum formulas are presented for T-systems for non exceptional 
g along the context of (/-characters. 

Section |8l We argue the relation between (/-characters and eigenvalue formulas 
(dressed vacuum forms) of transfer matrices in solvable lattice models by analytic 
Bethe ansatz. Combined with the results in Section |7l it leads to solutions of T- 
systems in terms of the Baxter Q-functions. We mainly concern vertex models and 
include a brief argument on RSOS models. 

Section [HI We introduce a difference analog of L-operators in soliton theory to 
construct solutions to the T-systems for q = Ar and Cr by Casoratians (difference 
analog of Wronskians). The Baxter Q-functions are identified with a special class 
of Casoratians and generalized to a wider family of functions that admit Backlund 
transformations. Analogous difference L-opcrators are presented also for Br,Dr 
and sl{r\s). 

Section [TOl A restricted T-system for Ai emerges in Stokes phenomena of ID 
Schrodinger equation with a specific potential. Similar facts hold also for the T- 
system for Ar and a class of (r -t- l)th order ordinary differential equation (ODE). 
Wronskians for these equations evaluated at the origin play an analogous role to 
the Casoratians in Section [HI (Wronskian-Casoratian duality). We describe these 



Thus in most situations we will say simply T and Y-systems for g instead of Uq{Q). 
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features that stay within an elementary algebraic part in the so-called ODE/IM 
(integrable models) correspondence. 

Scction[TT] This section is most hcp-th oriented. We briefly digest applications of 
some specific T and Y-systcms in the two topics from the AdS/CFT correspondence. 
The first is from the gauge theory about the anomalous scaling dimensions (planar 
AdS/CFT spectrum) oi J\f — A super Yang- Mills operators. The second is the area 
of the minimal surface in AdS from the string theory, which is relevant to gluon 
planar scattering amplitudes. The analysis in the latter topic involves the Stokes 
phenomena related to a generalized sinh-Gordon equation, which may be viewed as 
a generalization of the ODE/IM correspondence mentioned in Section [TOl 

Section[T2l Continuous limits of the T-system for g yield the difference-differential 
or 2D differential equations known as the (lattice) Toda field equation. Their Hamil- 
tonian structure is presented for general q. We also discuss an aspect from classical 
discrete geometry, where the Y-system for A^o arises as the Laplace sequence of 
quadrilateral lattice, the discrete geometry analog of the conjugate net. 

Section [H T-systcm without Spectral parameter is called Q-systenfl. We sys- 
tematically construct certain power series solutions to the (generalized) Q-system 
by multi- variable Lagrange inversion. As a corollary of this and results from Section 
m the so-called Fermionic character formula for the Kirillov-Reslietikhin modules 
is fully established for all g. Physically, this problem is also connected to the grand 
partition function of ideal gas with exclusion statistics. These results are reviewed 
in conjunction with the intimately related subject known as combinatorial com- 
pleteness of Bethe ansatz for Uq{g) both at (7 = 1 and q ~ 0, where the case g = 1 
goes back to Bethe [TOj, the godfather of the subject, himself. 

Section [TH We explain how the Y-system for g emerges from the TBA equation 
associated to Uq{g) with q being a root of unity derived in Section [15] Various 
relations among the TBA kernels are summarized. The constant Y-system is intro- 
duced and related to the Q-system. They are essential ingredients in the dilogarithm 
identity (Section 15. ip and the TBA analysis of RSOS models (Section [T5|) . As a 
related issue, we briefly discuss the Q-system at root of unity including Conjecture 

MM 

Section [151 The Uq{g) Bethe equation with q a root of unity is relevant to the 
critical RSOS models sketched in Section 13.31 We outline the TBA analysis to 
evaluate the high temperature entropy by the level restricted Q-systcm (Section 
I14.5H14.B)) and central charges by the dilogarithm identity (Section [OJ. The TBA 
equation obtained here uniformly for general g is the origin of our Y-system as 
shown in Section 114.11 and 114.31 

Section 1161 The finite size or finite temperature problems in solvable lattice 
models are analyzed efficiently by the use of T and Y-systems without relying on 
TBA approach and string hypothesis. We illustrate various such methods along 
the simplest vertex and RSOS models based on g = Ai. We also include a simple 
application of the periodicity of the level restricted T-system to the calculation 
of correlation lengths of vertex models in Section 116.11 

Let us close the introduction with yet another brief guide of the contents. As we 
already mentioned, Section[2|is the collection of the basic data; concrete forms of the 
T and Y-systems that will be considered in the review and definitions/notations 
concerning the root system of g. With regard to the subsequent sections, it is 



This Q is unrelated with Baxter's Q-functions. See Section ll3.8l for the origin of the name. 
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too demanding to assume the familiarity of the contents in earher sections. So 
we have avoided such a style and tried to make each section into a more or less 
independently readable review on a specific topic around ten pages. Most of them 
contain bibliographical notes at the end, which hopefully help the readers gain more 
perspectives into the subjects and activities around. 

There are nevertheless several sections that are intimately related or partly de- 
pendent of course. Roughly, they may be grouped (non exclusively) under the 
following theme. 

• Solvable lattice models and their analysis: Sections [3| [8| [T5| [TBI 

• Kirillov-Reshetikhin modules and their g-charactcrs: Sections HI [71 [51 [T51 

• Variety of solutions to the T-system: Sections [HI [71|Slini 

• Stokes phenomena: Sections [TOl [TTJ 

• Q-system and constant Y-system: Sections [131 [Ml 

• Y-system and TBA: Sections [IH [TH [IH 

2. T AND Y-SYSTEMS FOR QUANTUM AFFINE ALGEBRAS AND YANGIANS 

We present the T-system and Y-system associated with untwisted and twisted 
quantum affine algebras. They have unrestricted and level restricted versions. 
Those for Yangian are formally the same with the unrestricted ones for the un- 
twisted quantum affine algebras. We also include the case Uq{sl{r\s)). This section 
is devoted to the presentation of these systems with the basic data on root systems. 
Thus we will only state their first property, T-system provides a solution to Y- 
system, in Theorem 12.51 leaving the exposition of variety of aspects in subsequent 
sections. 

2.1. Untwisted case. Let g be a simple Lie algebra associated with a Dynkin 
diagram of finite type. We set / = {1, . . . , r} with r = rankg and enumerate the 
vertices of the Dynkin diagrams as Figure [1] We follow [11] except for Eg, for which 
we choose the one naturally corresponding to the enumeration of the twisted affine 
diagram iJg'^' in Section 12.41 With a slight abuse of notation, we will write for 
example q = Ar to mean that g is the one associated with the Dynkin diagram of 
type Ar- The cases Ar, Dr, Eq, Ej and Eg are referred to as simply laced. 
We set numbers t and ta (a G /) by 

{1 g : simply laced, | 1 g : simply laced, 

2 g = Br,Cr,F4^, ia = \ 1 g : nonsimply laced, a^: long root, (2.1) 
3 g = G2, I t g : nonsimply laced, a^: short root. 

Let aa,u!a {a G /) be the simple roots and the fundamental weights of g. We fix a 
bilinear form ( | ) on the dual space of the Cartan subalgebra normalized as 

{aa\aa) = (ttal^b) = (2.2) 

Let C = (Cab), Cab = '2{cta\ctb) / {cta\aa) , bc the Cartan matrix of g. We have 
Cab = taiaa\ab), Qfa = J2b=i Cba^^b and {C~^)ab = ia(wa|wf,). Wc deuotc by h and 
the Coxeter number and the dual Coxeter number of g, respectively. They are 
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listed as follows with the dimension of g. 










Cf 


Dr 


^6 


Ej 


E» 




G2 


dimg 


r{r + 2) 


r(2r + 1) 


r(2r + 1) 


r(2r - 1) 


78 


133 


248 


52 


14 


h 


r + 1 


2r 


2r 


2r-2 


12 


18 


30 


12 


6 




r + 1 


2r - 1 


r + 1 


2r-2 


12 


18 


30 


9 


4 



The relation dimg = (1 + /i)rank0 holds as is well known. 



(2.3) 



1 2 



r — 1 r 




Br 



Dr 




1 2 3 4 5 6 



Cr 



Ea 



1 2 3 4 5 6 7 

? '^2^^ 4 

Figure 1. The Dynkin diagrams for q and their enumerations. 

The unrestricted T-system for g is the following relations among the commuting 
variables {Tjn\u) \ a e I,m e Z>i,u £ U}, where Ti°^(u) = tI^''\u) = 1 if they 
occur in the RHS. 

For simply laced g, 

TtHu-m\:Hu+l) = T^U^)T^U^)+ n ^™(")- (2.4) 

fce/:C„6 = -l 

For example in type Ar, it has the form 

Ti^Hu-l)T^Hu+l) = Ti''!i(^.)rirji(^.) +T(rl)(^.)^(^l)(^.), (2.5) 

for 1 < a <r with Tm^^-'(u) = 1. In particular, for Ai it reads 

T^{u - l)T^{u + 1) = r™_i(u)T,„+i(M) + 1 (2.6) 



with the simplified notation T„i(u) ~ Tm\u) 
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For = Br, 



Ti^U^mZiH (2.7) 



t!^-'\u ~ 1)t!^-'\u + 1) = T!:::l\u)T^:-p{u) + Tj^-^\u)Ttl{u), 



For = Cr, 



l^ rp{r) 
2) -^2m+l 



(2.8) 



2), 



(r-l) 



,^ 2 ) -^2m 



(r-l) 



2) -^TJ- 



'•) 



(r-l) 



(w)Ti^+2(w) 



(r-2) 
2?n+l 



{u)Ti:\u)T^:X,{u). 

T^Z\u l)T.!^\u + 1) = T(:li(u)Ti:|i(u) + r2t"^^(^). 



For 



TW(u-l)rW(u + l) 

Ti?)(u -i)ri2)(u + i) 

(3) _L n 



"^im 2) -^2m 



271^+11" 2/ ^2m+l I" 2; 



For = 6*2, 

^W(u-l)^W(^H 



^TilUu)T^l{u)+T,^^\u), (2.9) 

~ ^2m-l('")^2m+l(") 

= 7^2™^(^)ri^+2(«) + T(„2)(u)Ti^|i(u)T(l'+i(^), 



T^i^iu-^T^::: {u+ 



1) 



I^i'li(^)7^i!|i(^^)+7^if2(«), 

^3m-l ('^)^3Tn+l (") 

+ tW (.-|)rw(.)rw (u + l), 



(2.10) 



n(2) 
' 3m+2 



3m+3(") 
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We note that these relations are not bilinear in general under the boundary 
condition stated before p.4p . The second terms on the RHS can be of order 0,1,2 
and 3 in Tm"^ (u) . 

The variable u (z U is called the spectral parameter. The set U can be either the 
complex plane C, or the cylinder := C/(27r-y/— 1/C)^ such that 27rV— 1/C ^ Q- 
The choice will not matter seriously, but reflects the underlying algebra. 

Remark 2.1. In Section[3]we will see that the T-system for g is actually associated 
with the untwisted quantum afRne algebra Uq{g) with q = when U = Cth- The 
choice U = C corresponds to the Yangian Y{q) in a similar sense. In this review 
we will mostly be concerned with the Uq{g) case. Thus we have simply chosen to 
say T-system for g rather than T-system for Uq{g). The latter terminology is more 
balanced when the twisted case is considered in Section [231 Note that the choice 



[/ = effectively imposes an additional periodicity Tm\u) = Tm\u + ^^'^^ ). By 
the assumption 2tt\/—1/^ ^ Q, this does not interfere with the T-system. Similar 
remarks apply to the Y-systcm in what follows. 

The unrestricted Y-system for g is the following relations among commuting 
variables {Yt\u) | a S /, m € Z>i, u e [/}, where yJ;°\u) = Y^''\u)-^ = if they 
occur in the RHS. 

For simply laced g. 



For g = Br 



ii+Yi^i,iu)-^)ii+Y^:i,{u)-^) 



(2.12) 



(1 < a < r - 2), 

(1 + Y^:-'\u)){i + 41i(u))(i + 4;ViH) 



(i + y,:;_7^(^.)-i)(i + y„V+7^(u)-i) 



^2rn 2 ) ■^2rn ('^ + 2 ) 



1 



>^^Vi {u - 1) Y^J,, + ^) - ^ 1^«(.)-)(1 + Y^Uu)-^) ■ 
For g = Cr, 

y w (u^^) y w (u+^)- i^ + Yi^''\u)Ki + Y^^^'Hu)) 

(1 < a < r - 2), 

^„ _ M yir-i) (,,1)^ {i+Y^::^-'\u)){i+Y^:\u)) 

-'2m 2) ^2m I" ' 2) 



(2.13) 



(1 + Yt~-l{u)-')i.l + Yt-+Ku)-^) ' 
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1 ^ v(''^2)/ ■> 

^2m+l I," 2; ^2m+l 1,"+ 2/ ^ 



(i+i^2r+V("))(i+i^2^;r-V(")) 



For = F4, 

r«(u-i)y «(« + !) 

^2Tn+l I" 2; -'2m+l I" 2/ 

For = G2, 



1 + 



(1 + Yi'\u)){l + Y^'J_,{u)){l + Yjfl.iu)) 



(2.14) 



il + Yi'\{u)-^)il + Yi%,{u)-^) 
{1 + Yi'\u))il + Y^::^iu)) 



1 + yS'^ 



2m+l 



(u) 



il + Y^^>iu)-^)il + Y^^l,iu)-^) 

l + Y,^r?\u) 

(i+>^i'ii(«)-^)(i+>;!fjiN-^) 



(l+i^£UN)(l+>^i™V2(«)) 

xil + Y^'J_,{u-l))il + Yj'J_,{u+^)) 

X (1 + K^lnVl - + 4nVl + i)) 

x(l + y3|)(^.-|))(l + yi,?)(^. + |)) 

Yj;Piu - 1)y2\u + 1) = + 



Y 



(2) 



3m+2 



1 + Yi'\u) 

(i + y^^LiM-i)(i + y3?n'+iH-^)' 
1 

il + Yj^Jiu)-^){l + Y,%,{u)-^y 
1 

(i + y£Vi(«)-')(i + >'3™+3H-^)' 



(2.15) 



We stress that the T and Y-systems for nonsimply laced are not just a folding 
of simply laced cases. 

We also remark that T and Y-systems for B2 and C2 arc equivalent and trans- 
formed to each other by Tm\u) O Tm\u) and Ym\u) o Ym\u) reflecting the 
fact B2 ~ C2. 
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2.2. Restriction. We fix an integer t > 2 called level. Let ta be the number in 
()2.ip . The level £ restricted T-system for g (with the unit boundary condition) is 
relations ([^ - (PTTU)) naturally restricted to {r/„"^( u) I a £ /, 1 < 'Tl < tal — 1, u G 
f/} by imposing T^"'^^{u) = 1. 

The level I restricted Y-systcm for g is relations (|2.1ip - (|2.15p naturally restricted 
to {Yt\u) \ a <E 1 ,1 < m < ta(. - l,u e U} by imposing = 0. 

Note that for g nonsimply laced, the above restriction makes sense also at £ = 1 . 
The resulting T and Y-systcms become equivalent to the level t restricted T and 
Y-systcms for An with n = )J{a E I \ ta ^ t} under the rescaling of the spectral 
parameter u — > u/t. One can also consider the level case formally. See around 

Example 2.2. Wc write down the level 2 restricted T and Y-systems for A2: 
Ti^\u - l)T^^\u + !) = ! + Tf )(u - l)rf ^(it + !) = ! + T^^\u), 

y}^\u - 1)yI^\u + !) = ! + yI^\u), yI^\u - 1)yI^\u + !) = ! + yI^\u). 

Thus they are identical. 

Example 2.3. We write down the level 2 restricted T-system for C2' 

'(u - i)r(i)(u + 1) = T^'\u) + t['\u), 

t[^\u - 1)t[^\u + !) = !+ t!^^\u). 

Example 2.4. Level £ restricted T-system for Ar^i has the form 

T^^\u - l)TW(r/, + 1) = t';:1,{u)t';:1,{u) + Ti^r'\n)Ti^i+^\u) 

for 1 < a < r — 1 and l<m<^— L It is invariant under the simultaneous 
transformation Tm\u) 1— > Ta™\±u + const) and r 4-> The similar property 
holds also for the level i restricted Y-system for Ar-i. This symmetry is called the 
level-rank duality. 

2.3. Relation between T and Y-systems. The unrestricted T-system for g has 
the form 

Ti")(u--i)ri'')(^+i-) = Ti''!iHTitiW+ n Tf^H^^'^^™-"!"-^-''), (2.16) 

(6,fc,'u) 

where the last term is a finite product. Then, it is easy to see that the unrestricted 
Y-system for the same g takes the form 

Y}:Hu~±)Yi^Hu+±) = "(^■^■'f,'"''^^'''^'^^'''"^'""'"' - (2-17) 

*° {i + Y:;:\{ur'){i+YiiAuy') 

The same relation holds also between the level £ restricted T and Y-systems. 
Let us write p.l6p simply as 

tI^Hu - l)T}n\u + i-) ^ rir!,(^)riti(") + M^\u). (2.18) 
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Theorem 2.5 ([T]). Suppose Tm \u) satisfies the unrestricted T-system for g. Then 

Yi^\u)= ^ (2.19) 

7i"!i(«)TitiM 

is a solution of the unrestricted Y- system for q. The same claim holds between the 
level £ restricted T and Y-systems. 

Sketch of proof. This can be directly verified by substituting the resuhing relations 

l+rjf) u = \ . ^ r , 2.20 

l + Yi^Hur' = ^ '-^i^ ^ 2.21 

into the Y-system. Here we demonstrate the calculation for simply laced g. 
Yi^\u-l)Y(:^\u + l) 

ti:Uu - i)tI:Uu - i)T^Uu + i)Ti:Uu + 1) 

_ Ub:C.,=-iiT^Uu)T^iM + Uc:c,^=-i T^\u)) 

1 



Tk^\u)T^U^) + U,..c^,=.^T^U^) 

il + Y^Uu)-'){l + Yi%{iL)-^) 

This calculation is valid also at to = 1 by formally setting ri"'(u) = 0. For level £ 
restricted case, it is valid similarly by formally setting T^'^^{u) = 0. 



Theorem 12.51 has a natural account from the viewpoint of cluster algebra with 
coefficients. Sec Remark 15.51 

Example 2.6. We write down the relation (|2.19p for the level 2 restricted T-system 
for C2. From Example 12. 3[ they read 

_ T^'\u) _ rf)(.-i)rf (u + 1) 

F«(.) = 4?!r;, y/^)(.) = r«(.). 

Thus the specific construction (|2.19p automatically imposes the condition Y-[^\u) = 
Vg ^-^ (u) . However, the level restricted Y-system alone does not restrict itself to such 
a situation in general. 

Remark 2.7. Consider a slight modification of the general T-system relation (|2.18p 
into 

tL^\u - 1)tI^\u + ^) = T^:1^{u)t'^XM + c^(u)M^(u), (2.22) 
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where gm\u) is any function satisfying 

gt\u - l)gt\u + ^) = gt^_M9-:X^{u). (2.23) 
Then it is easily checked that the substitution 

is still a solution of the same Y-system. 

2.4. Twisted case. Let us proceed to the T and Y-systems associated with the 
twisted quantum affine algebras following [T^lIIS]- In this subsection and the next, 
Xjv exclusively denotes a Dynkin diagram of type Aj^f {N > 2), (N > 4) or 
Eq. We keep the enumeration of the nodes of X^r by the set I — {1, . . . , N} as in 
Figure m For a pair (Xn.h) = (^^,2), (-0^,2), (£'6,2) or (1^4,3), we define the 
diagram automorphism cr :/—>■/ of of order k as follows: cr(a) = a except for 
the following cases in our enumeration: 

a{a)=N + l-a (a G /) (Xjv, k) = (Aat, 2), (2.25) 

a{N N, a{N) =N -1 {Xn, k) = (L»jv, 2), 

(7(1) - 6, a{2) = 5, <7(5) = 2, a(6) = 1 (X^, At) = (^g, 2), 

a(l) = 3, a(3) = 4, a(4) = 1 (Xjv, ac) = {D^, 3). 

Let //cr be the set of the cr-orbits of nodes of X^. We choose, at our discretion, a 
complete set of representatives C / of //cr as 

'{l,2,...,r} {Xn,k) = (A2._i,2),(A2.,2),(/^,+i,2), 
/„=<( {1,2,3,4} {XN,n) = {Ee,2), (2.26) 
{1,2} (Xjv,k) = (/^4,3). 




1 r 



A 



(2) 



i(2) 
^2r 



r — 1 r 



£, 



(2) 







2 3 



(3) 







Figure 2. The Dynkin diagrams of twisted affine type and 
their enumerations by U {0}. For a filled node a, cr(a) = a (i.e., 
Ko = k) holds. 



Let X^"^ = 4'-i {'T- > 2), (r > l),/?^'Vi ^ 3),£^'^ or D"-^' be a Dynkin 
diagram of twisted affine type [TT]. We enumerate the nodes of X^j^^ with I„ U {0} 
as in Figured! where la is the one for (Xjv,k). By this, we have established 
the identification of the non-Oth nodes of the diagram X)^ with the nodes of the 



(2) 



.(2) 



l(3) 
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(2) 

diagram Xn belonging to the set 7^. For example, for Eg , the correspondence is 
as follows: 



(2) 



2 3 

r(2) 



E. 




The filled nodes 3,4 in E^ ' correspond to the fixed nodes by a in Eq. We use this 
identification throughout. (The 0th node of is irrelevant in our setting here.) 
We define Kq (a £ /o-) as 



f cr(a) 7^ a, 
K cr(a) ~ o,. 



(2.27) 



Note that X 



(2) (2) 

]y = is the unique case in which Ka = 1 for any a & !„. By 
Uq{X^'^) we mean the quantized universal enveloping algebra |14j of the twisted 
affine Lie algebra of type X^^"^ [TT] . 

Let us proceed to the unrestricted T-systems. Choose h £ C\ 27r-\/— IQ arbitrar- 
ily. The unrestricted T-system for Uq(X^'') is the following relations for commut- 



ing variables {T, 



a G Ia-,m G Z>i,u G Ck^Ti}, where = 2'k\J —Xj nh, and 



Tm\u) = Tp"^(w) = 1 if they occur on the RHS in the relations: 



Tj^Hu - l)T^\u + 1) = Tl^U^)Tl^Un) (2.28) 

+ Tl^-'\u)T^:+'\u) (l<a<r-l), 

rM(^ - i)rW(^ + 1) = tI^Uu)t!^Uu) + t^:~^\u)t^:~'\u + f^). 



For X 



(«) _ 4(2) 



ri'')(^. - l)T,(r)(« + 1) = Ti"!i(^.)ri"|i(^) (2.29) 

+ T(r-i)(«)ri"+i)(«) (l<a<r-l), 
tW(z. - 1)tW(^. + 1) = Ti:Uu)T!;:l{u) + T^^-^\u)T^^^ {u ^ n). 

For X^") = 

rW(u - l)rW(z. + 1) = 7^i"li(u)Ti"ji(z.) (2.30) 

+ Ti^-'Hu)T^+'Hu) (l<a<r-2), 

T(:-i)(. - i)T(:-'Hn + 1) = 

+ T(r-2)(«)rW(u)T(:)(u + l]), 

r(r)(u - i)rM(u + 1) = ri:!,(u)T(:|,(u) + Tj^-'Hu). 



17 



Ti'Hu - l)rW(u + 1) = T« iHr« + Tj^\u), (2.31) 

T(^\u - i)r(f)(u + 1) = + t!^\u)t,^^\u), 

rW(^. - i)tW(^, + 1) = + t(?)(«). 

T(:)(« - l)T(:)(,i + 1) = T^i'li(^.)ri!|iM + T(?)H, (2.32) 
T(f)(« - l)Ti2)(« + 1) = T^^Un)T'^'Uu) 

+ T(^\u)TS^\u-n)T(^\u + n). 

The domain C^ah of the parameter w effectively imposes the foUowing periodicity: 

Remark 2.8. The T-system for Uq{x'"^^) is obtainable from the T-systcm for 
g = Xjs! by a folding in the following sense. Denoting the variable in the latter 

by Tm\u) with a € I, one imposes the condition f;lf '*°^^(w) = fi^^ + kQ) and 
identifies Tm\u) with a G C I a,s the variable Tm\u) in the former. The same 
remark applies also to the Y-system given in what follows. 

The unrestricted Y-system for Uq{X^'') is the following relations for the com- 
muting variables {Ym\u) \ a e Ia,fn G Z>i,m e Ckj^r}, where n = 27:^/ —\/ kK, 
and r^°^(u) = yj'''(w)-i if they occur on the RHS in the relations: 



Forx(;' = 41i, 



{l + Y,^:Un)-'){l + Y,^:l,{u)-^) 



yW(u-i)r«(^ + i) 



(1 < a < r - 1), 

(1 + Y}i:-^\u)){i + yj:-^^(M + n)) 

{i+Y^:Uu)-^){i+Y^Uur^) ■ 



(i + il'^"'^(u))(i + i;i"+'^(u)) 



(i + Fi,"^i(u)-i)(i + rir|i(^x)-i) 

(1 < a < r - 1), 
{l + Y^-^\u)){l + Y}i:\u + n)) 



yW(u-i)rW(^. + i) 



(i + i;i'2i(«)-i)(i + rr_[i(^*)-i) 
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For x^j:;^^Di%, 



(1 < a < r - 2), 



Y^r'Hu~i)Y^r'\u+i) = 

r{r-l) 



{i + y!-::^\u)-^){i + y^-^\u)-^) 



Y^\u-l)Y,^;\u + l) 



l + Y,)[-'>{u) 



{1 + Y^1M-^){^ + y!;:1,{u)~') 



For X^;;^ ^Ef\ 

Yi^Hu ~ mi'Hu + 1) = ; (,) 5^^"^ (1) . ^ (2.37) 

il + Yi'\iu)-^){l + Y^ll,iu)-^) 



y^3)(^ - i)yj^3)(^ ^ 1) ^ (1 + )h)(i + yS\u + + yl'^^(^)) ^ 

+i( 



(i + i;i'^iH-^)(i + ^i.lH-^ 



For xP^Df\ 



y^\u - + 1) - n) A"" 5'^"^ (1) . . 

{l + Yi'l,iu)-^)il + Yi%iur^) 



(2.38) 



2.5. Restriction and relations between T and Y-systems. Fix an integer 
^ > 2 called level. The level I restricted T-system for Uq(x'^^^) (with the unit 
boundary condition) is the relations (|2.28p - (|2.32p naturally restricted to {Tm''(M) | 
aG/CT,l<m<£— l,uG Ck^Ti} by imposing T^°'\u) = 1 (the unit boundary 
condition) . 

The level i restricted Y-systeni for [/^(Y^^) is the relations ((2?34l) - ((2?38| nat- 
urally restricted to {Ym\u) \ a £ /o-,! < m < t — l,u e Ck^Ti} by imposing 
yW(«)-i ^ 1. 

The properties stated in Theorem 12.51 and Remark 12.71 also hold between the T 
and Y-systems of for Uq[X^^^). On the other hand, the correspondence like (|2.16p 
and (|2.17p in the untwisted case is not valid. 

2.6. Uq{sl{r\s)) case. Among a variety of Lie super algebras, we present the T- 
system and the Y-system related to Uq{sl{r\s)) as a typical example. For brevity 
we employ the following notation within this subsection. 

ir,.,s = (Z>o X Z>o)\ (Z>, X Z>,), i?,,, = (Z>oxZ>o)\(Z>, xZ>,). (2.39) 



19 



These sets are often called fat hook. The T-system for Uq{sl{r\s)) is the foUowmg 
relations among the commuting variables {Tm\u) \ (a^m) S Hr^s,u G U}. 

Ti^Hu - l)Ti^\u + 1) = Tir'Hu)Tt^'Hu) + Tl^Un)Tl:Uul (2.40) 
ri;\H = ri'-+i)(«). (2.41) 

Relation p.40|) is imposed for all (a, m) e H^^s \ {(0, 0)}, where if any T'j^\u) with 
(6, k) ^ Hr^s is contained in the RHS, it should be understood as 0. 

tI''\u) = {) if {b,k)(^Hr,s. (2.42) 

This leads to the simple recursion relations for the sequences corresponding to the 
boundary Hr.s \ Hr.s- 

Ti^Hu-l)Ti^Hu+l) = T^Uu)Tj:lM (a,m) G (r,Z>,) U (0,Z>o), 

Tj^Hu-l)TtHn+l)=Tj^-'Hu)Tj^'-'Hu) (a,m) e (Z>,,s)U(Z>o,0). 

(2.43) 

The extra relation (|2.4ip leads by induction to 

T^ti^)^T(^+^Hu) a>0. (2.44) 

In the applications, the variables appearing in ()2.43p and p.44|) are chosen appro- 
priately reflecting the normalization of the system. The relation (|2.40p is the same 
as type A case. The essential difference from it lies in (|2.42p and (|2.44p . 

Let us proceed to the Y-system. We assume r > s > 2 first. The Y-system for 
Uq{sl{r\s)) is the following relations among the commuting variables {T^°^ (u), (u) 
a e Z>i,w e U} U {Yjn\u) I (a,m) G Hr^s,ue U}. 

(i + rr '^(M)-i)(i + rr+ '(w)-i) 



(2.45) 
(2.46) 



-i) = T(^)(u)(i + ri-'i(«)), 

-l) = T't+^\u)T't~'-\u)^^-^^p4v^ a>2, (2.47) 

1 + \u) 

- 1) = T^^'+^\u)T^r'\n){l + Y^l\{u)) a > 2, (2.48) 

r['\u)^Ti'\u), T^;\u)^Yy\u). (2.49) 

On the RHS of these relations, any factor (1 + Y^''\u)^^) with {b,k) ^ Hr,s is to 
be understood as 1. When r > s = 1, the equations p.46p and (j2.48p are absent. 
The Y-system for s > r > 2 is given by p.45p - p.49p by interchanging r and s. 
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There is a simple relation between the T-system and Y-system analogous to 
Theorem 12.51 Suppose that Tm \u) is a solution to the T-system. Then the com- 
binations 

satisfy the Y-system. In particular, (|2.49p holds due to (|2.4ip . When s > r > 2, 
the parallel fact holds by interchanging r and s and the role of indices a and m in 
Tm\u) and everywhere. In view of the symmetry of the sets (|2.39p . we do 

not introduce the level restriction. 

Remark 2.9. The above set of relations seems different from those given in [15] 
for gl{2\2), where a special relation T^^2 Ts^^'^^ valid only for this case is uti- 
lized. Thanks to this, T^*^-* (a ^ r) and Tj"'' are not necessarily needed. The two 
sets of Y-systems nevertheless lead to an identical set of thermodynamic Bethe 
ansatz equation^ The Y-system (|2.45p - l|2.49p is consistent with the thermody- 
namic Bethe ansatz equations in [16] under the identification N, K ^ r, s and 

y}^^^ = e-«"'/^ (1 < a, 1 < m < s - 1), ^i") = e"^"/^ (1 < a < r), 

Y}:]=e^'^'f^{l<j,l<a<r-l). 

2.7. Bibliographical notes. The Hirota relation (|2.5p for transfer matrices in the 
Ar case first appeared in [1] , where the T-system for g was introduced as functional 
relations among the commuting transfer matrices {Tm\u)}. The models relevant 
to the unrestricted and restricted versions are the vertex and the restricted solid- 
on-solid (RSOS) type models, respectively. In such a setting, T-system acquires 
some scalar coefficients depending on the normalization of Tm\u) as in Remark 
12.71 The unit boundary condition is also modified accordingly. Actually in [T], 
the restricted T-system was introduced by imposing a slightly weaker condition 
T^t^ = 0. The T-system for the twisted case was introduced in [T^] in a 
similar context. Our presentation here follows [TTJITS]. The T-system unifies the 
many functional relations studied earlier individually. See Sections [5](1] for more 
details. 

The level £ restricted Y-system for g was introduced in [3] for simply laced g with 
^ = 2 as a universal property of the thermodynamic Bethe ansatz (TBA) equation 
in the context of integrable perturbations of conformal field theories. Then, it was 
extended to the general case in 0] based on the TBA equation related to RSOS 
models for Uq{g) [TH]. This procedure is detailed in Section [TU The Y-system 
for simply laced q was also given in [5] independently. For more literatures in the 
similar context, see Section 114.71 The transformation (j2.19|) between the T and 
Y-systems first appeared in [^ for the simplest case g = Ai, and extended in [1] 
to general g. T-systems related to Lie super algebras and super symmetric models 
have been studied in various contexts. See for example [121 dHl HOI HIl HH HSl HI] 
and references therein. 



^There are typos in I15| for gl{2\2), around (5.4) and (5.5). 
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3. T-SYSTEM AMONG COMMUTING TRANSFER MATRICES 



The aim of this section is to introduee the basic examples of solvable lattice 
models, both vertex and restricted solid-on-solid (RSOS) type, and demonstrate 
how the T-system is obtained for their transfer matrices in connection to the fusion 
procedure. Although these issues are nowadays well recognized to be intimately 
related to the representation theory of quantum groups, we defer such a description 
to Section |4] avoiding too many definitions from the beginning. Our presentation 
here is based on explicit calculations in trigonometric parameterization along the 
simplest example from q ^ Ai The exception is the last subsection 13.71 where we 
will formally argue the general features of those models associated with general g 
quoting known facts on Kirillov-Reshetikhin modules and Q-system from Sections 
SI [131] and [mi 



3.1. Vertex models and fusion. We recall the 6 vertex model and its fusion 
without much recourse to the representation theorj0. Consider the two dimensional 
square lattice, where each edge is assigned with a local variable belonging to {1,2}. 
Around each vertex, we allow the following 6 configurations with the respective 
Boltzmann weights. 



1 



1- 



-1 
1 

1 — q'^z 



■2 2- 



1 1' 



■2 2- 



2 

1 — q'^z 



1 



1 



q{l-z) g(l-z) z{l-q^) 



2 

1 - q^. 



(3.1) 



The other 10 configurations are assigned with Boltzmann weight. Let V = Cvi ( 
Cv2- Then p.ip is arranged in the quantum R matrix R{z) E End(V^ V) as 



R{z) = a{z)Y,E^.. 



- b{z) ^ E„ 



E. 



(3.2) 



a{z) = l-q^z, b{z) = qil-z), c{z) ^ I - q\ 



Here the indices run over {1,2} and Eij is the matrix unit acting as EijVk = 
SjkVi. The R matrix R{z) is associated with the quantum affine algebra Uq = 
UqiA[^^) [H]. In fact, R{z) := PR{z) commutes with A{Uq), where P denotes the 
transposition of the component^ A more detailed account will be given in Section 
Schematically p.2p is expressed as 



ijkl 



where the z dependence is exhibited. The Yang-Baxter equation 
R23{z')Ri3{z)Ri2{z/z') = Ri2{z/z')Ri3{z)R23{z') 



(3.3) 



Some terminology will be refined after 1 13.161 1. 
®The asymmetry between the last two in l|3.1|l is due to our choice of the coproduct l|4.9| l. It 
fits the crystal base theory making the limit q — > of 113.71 1 well defined, although this fact will 
not be used in this review. 
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holds [2] , where the indices signify the components in the tensor product as V ' 

2 3 

V (E)V on which the both sides act. It is depicted as 





(3.4) 

Starting from the 6 vertex model [23 [55] , one can construct higher spin solvable 
vertex models by the fusion procedure [57] ■ Let Vm be the irreducible Uq module 
spanned by the m fold g— symmetric tensors. Concretely, Vi = V and Vm with m > 
2 is realized as the quotient V'^'^/A, where A = J^j V^^ (g)lmR{q~-^) (g) y®^--^~i , 
It is easy to see \m.R{cj~'^) = Kei R{q'^) = C{vi W2 — qv2 ® vi)- We take the base 
vector of Vm as w®^^ (g) vf^^ mod A, where Xi e Z>o and xi + X2 = m. The base 
will also be denoted by a: = {xi, X2) for brevity. Obviously dim V^„i = m + 1. 

jTT— r. - • 12 

The Yang-Baxter equation (13.41) with z' = zq^ shows that Im R{q^^) C V ®V \s 

12 3 

preserved under the action of Riz{zq^)R23{z). Therefore its action on {V ®V)®V 
can be restricted to V2®Vi = [{V ® V) /Im. R{q~'^)) ® V. Similarly, by using 
repeatedly, it is shown that the composition 



Ei,^+l(zg'""l)fl2,m+l(^g"'') ■ ■ ■ Rm.rn+l{zq-"'+^) 

a{zq''^~'i)a{zq"^-^) ■ ■ ■ a(zg-™+i) 



(3.5) 



can be restricted to Vm®Vi. The resulting operator, the fusion R matrix i?("'^^'(z) G 
End(V"m ®Vi), is given by 



R^"''^\z){x®vj) Y^\x- 

k=l,2 



T-y y C!$ Dfc, 




(J,fc) 



(2,1) 
(1,2) 



(3.6) 



(3.7) 



where y = (2/1,1/2) is specified by the weight conservation (so called "ice rule") as 
yi ~ Xi + 5ij — Sik- By the definition R^^'^\z) = R{z) and p.7p reduces to p.l 
for m = 1. In the case (j, fc) = (1,2) for example, the matrix clement 1 
obtained from the following calculation {D ^denominator in p.Sp i: 



J_y^X2 ,-1 









7 — 

zq 
























7 — 

zq 



(3. 
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The red and blue edges are assigned with the local states 1 and 2, respectively. The 
incoming state (left column) represents vf^^ (g) vf^^. The factor q^^^ accounts for 
the effect of rearranging the outgoing state into the base form by using the relation 

z;i (g) W2 = qv2 (8) vi mod A as 

where y = (2/1,2/2) = (2^1 + l,a;2 - 1) for (j, fc) = (1,2). 

One can fuse i?('"'^^(z) further along the other component of the tensor product 
in a completely parallel fashion. The composition 

Rtn'^'^^"^'') ■ ■ ■ 4T\zq-"+')Rl,T\^<l'"'-') e End(Kn ® Vn (3.9) 

can be restricted to Vm ® Vn- The result yields the quantum R matrix i?'^™'"^(z) € 
End(VWi <E) Vn). The R matrices so obtained again satisfy the Yang-Baxter equation 
in End(y/ (g) «) Vn): 

R!'^^^-\z')R^l,-\z)E!(r\ziz') = Rtr\ziz')R^lf{z)R'ir\z')- (3.10) 

It is depicted as (|3.4p with the three lines to be interpreted as representing Vi , Vm 
and Vn- 

The quantum R matrix i?''"'"^(z) gives rise to a fusion vertex model on a planar 
square lattice by the same rule as diagrams p.3p and p.6p . The local variables on 
the horizontal and vertical edges are taken from Vm and y„, respectively. 

3.2. Transfer matrices. Here we use the additive spectral parameter u as well as 
the multiplicative one z. They are related as z = q^ . We introduce the row to row 
transfer matrix 

Tm{u) = Trv.„ (i?<,^^")(z/«;jv) • • • R'Ci''\z/wi) 

= E 













z/wi 




' z/wn 



(3.11) 

The horizontal line is associated with Vm which is called the auxiliary space. The 
trace over it corresponds to the periodic boundary condition. There are N vertical 
lines corresponding to Vg-^ ® ■ ■ ■ ® T4„ which is called the quantum space. The 
Tm{u) is a linear operator acting on the quantum space. The data Si,Wi represent 
the inhomogeneity in the spins and coupling constants. 

The first consequence of the Yang-Baxter equation p.lOp is the commutativity 
of the transfer matrices acting on the common quantum space (common Si and Wi 
in the present context) 

[Tm{u),Tn{v)]=0. (3.12) 
Let us take = 1 for all i for simplicity and demonstrate the functional relation 
Ti{u + l)Ti{u-l)^n{u)T2{u)+gi{u)id, 

A A (3-13) 

Toiu) = [[a{z^/q), gi{u) ^ [[a{z,q)b{z^/q), 



where Zi = z/wi. This corresponds to the T-system for Ai (|2.6p with m = 1 
modified by a model dependent factors To(u) and gi{u). Consider the diagram for 



24 



Ti{u + l)Ti{u - I) 

■■■(g) Vat, ^ ^/3l ® 



corresponding to the matrix element for the transition 



E 

k,l=l,2 



k- 













'zN/q 




Ziq 


Zfiq 



/3. 



N 



(3.14) 

Given ai,Pi, the sum over k,l is regarded as the trace of an operator acting on 
the auxihary space Vi ® Vi horizontahy. The space Vi (g V\ possesses the invariant 
subspace Im^(g~^) = C(wi ®vi — qv2 ® fi) which propagates to the right owing 
to the Yang-Baxter equation (|3.4p . In fact, the following identity can be checked 
directly. 



a 



a 









'zjq 




'zq 









'zjq 




'zq 



1 (fc,0-(2,l), 

qy. ^ . = 6afia.{zq)h{zlq)Y. {-q (/c, /) = (1, 2), 

otherwise. 

(3.15) 

Thus Im^((7~^) contributes to Try^giy^ (|3.14p as X^^i^ai.fiia-{ziq)h{zil q), giving 
the second term in the RHS of p.l3p . The other contribution to the trace is from 
(Fi ® Vi)/Im^((7-2) = V2. This is equal to Tq{u)T2[u) by the definition, where 
the factor Tq(u) is due to the denominator in p.5p with m = 2. In this way one 
observes that the exact sequence 

Q^\^\R{q-'^)^Vx®Vx^yi-^^ (3.16) 

plays a key role in deriving p.l3p . 

In Section 14.21 '^e will introduce the Kirillov-Reshetikhin module (u) for 
general quantum affine algebra Uq{^). The case g = Ai relevant here, denoted by 
Wm(u) — (u\ will be described explicitly in Section l473l In such a formalism, 
one endows each line in the diagrams like (|3. 14^ - 1)3. ISp with a spectral parameter 
z = which corresponds to a Kirillov-Reshetikhin module Wm(w). The R ma- 
trix i?(™^")(z) e End(F™ ® Vn) is actually to be understood as i?(™'")(zi/z2) € 
End(W„i(Mi) (X) Wn[u2)) with zi = g"' . Up to an overall scalar, it is characterized 
by the intertwining property l\{g)P R'^"^'^\zi / Z2) = PR^™''"'\zi/ Z2)^{g) where g 
is any element from Uq{A'"^'^) and A is the coproduct (j4.9[) [14] . Accordingly, we 
say that the transfer matrix Tm(u) (|3.1ip has the auxiliary space Wm(u) and acts 
on the quantum space Wg-^ {vi) (g ■ ■ ■ (g W^^ (vn) with Wi = q"^ . 

The exact sequence (|3.16p will also be refined into the one among tensor prod- 
uct of Kirillov-Reshetikhin modules. See (|4.16p . The T-system relation Tm{u -t- 
l)Tm(u— 1) = Tm.+i{u)Tm-i{u) -|- (7m(u)id for general m follows from Theorem 14.21 
with n = j = m. An additional feature here is that one actually needs to consider 
the central extension of Uq{A^^^) to properly cope with the factor gm(u). We refer 
to [2 section 2.2] for this point. See also [55]. 

To summarize, the Kirillov-Reshetikhin module of the quantum affine algebra 
and their exact sequence form the representation theoretical background for the R 
matrix, fusion procedure and the T-system among commuting family of transfer 
matrices. 
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3.3. Restricted solid-on-solid (RSOS) models and fusion. Besides vertex 
models, there is another class of solvable lattice models called Interaction Round 
Face (IRF or simply face) models [5] . The relation of the two classes of models has 
been studied from various viewpoints [29l [30l |31] [32l [33] . Here we recall the 8 vertex 
solid-on-solid (8VS0S) model [34]. It is the fundamental example associated with 
UqlA^^'^) at g a root of unity and serves as the prototype of restricted solid-on-solid 
(RSOS) models. It generalizes to Uq{g) for any g in principle. We illustrate the 
fusion procedure [35] and the derivation of the simplest case of the T-system for the 
commuting transfer matrices [361 137j . The contents are parallel with the 6 vertex 
model discussed in the previous subsection. For simplicity we concentrate on the 
critical cas^^. 

Consider the two dimensional square lattice, where each site is assigned with a 
local state belonging to Z. On the two local states a, b on neighboring sites, the 
condition |a — 6| = 1 is imposed. With the allowed configuration round a face, the 
following Boltzmann weights are assigned [34] . 



W 
W 



a 




a±l 


a 


a±l 


a 


a 


a=Fl 



w 



a±l 
a 



[2 + U]gl/2 

[2e + 2a]„i/2 [2]„i/2 



a 
a±l 



[2^ + 2q T u]gi/2 
[2e + 2a]„i/2 ' 



(3.17) 



where u is the spectral parameter, q and ^ are generic constants which will be 
specialized when considering the restriction in Section [3.51 The function [u]qi/2 is 
given by replacing q — > g^/^ in 



(3.18) 



The Boltzmann weights p.l7[) are depicted as 





c 








u 






c 


") 








d 






d 









(3.19) 



It satisfies the (generalized) star-triangle relation [2] which plays the role of the 
Yang-Baxter equation in face models: 



a ^ 



/ 9 



u W 



e d 
f 9 



V W 



9 d, 
b c 



e d 
9 c 



u W 



9 c 
a b 



V W 



f e 
a g 



(3.20) 



^The RSOS models allow elliptic Boltzmann weights in general. The critical case means the 
trigonometric case of them. The fusion procedure and the T-system are equally valid in the elliptic 
case as well. 
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The sum over g consists of at most two terms in each side because of the neighboring 
condition, e.g. \! - g\ ^ \b - g\ = \d - g\ = 1 for the LHS. We depict ([Oil) as 





(3.21) 

where • stands for the sum over the local state. The faces drawn together are to 
be understood as the product of the attached Boltzmann weights. 

One can apply the fusion procedure to the 8VS0S model [35]. Note the properties 




a+l 



u+l 



5, - a-l 



ti-1 



u+l 




u+l 



u+l 




= 



(3.22) 

where the second equality from the right is due to the star-triangle relation. This 
implies that for m = 2, the quantity 

6 



u—ni 
+ 1 



u—m 
+3 



u+m 
-1 



(3.23) 

is independent of ai, . . . , am-i as long as they are chosen so that \ai — cti+il = 1 
(ao = 6, dm = a). The independence for general m can be shown similarly. Thus 
p.23p only depends on the local states a, 6, c, d on the corners. We define the fused 

'h c 



Boltzmann weight W„ 



1 \u+m+l — 2j] 1 /9 

to be (IX^ divided by H^Ti 



[2]„ 



By induction on m, the following formulas are easily established {Wi^i = W). 

[2i + a + h± m]gi/2 [1 ± (a - 5) + u]^^,^ 

(3.24) 



b 6=Fl 
a a =p 1 



W„ 



b b±l 
a a =p 1 



[2]qi/2[2^ + 2a]^i/2 
[m ± (a - 6)]^i/2 [2^ + a + 6 ± 1 ± w]^i/2 



[2],i/2[2^ + 2a],i/2 

One can fuse them further in the horizontal direction. A similar argument shows 
that the quantity 

b Pi fe---/3„-i c 



u—n 


u—n 






+ 1 


+3 




-1 


4 


. 4 


4 


/ 



(3.25) 
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is independent of . . . , /3n-i as long as |/?i--/3i+i| = 1 (/?o = 6, = c). Here each 
rectangle stands for the weight Wm,i (|3.24p with the specified spectral parameters. 

u] to be p.25p . By construction, it is zero unless 



Thus we define Wm n i 

h — a,c — d £ {— m, —to + 2, . . . , m}, c — b,d — a £ {— n, — n + 2, . . . , n}. (3.26) 
The the star-triangle relation p.20p is generalized to 



g 



./ 9 

a b 



u I W, 

e d 



e d 

f g 



g d 
b c 



9 c 



U Wm,n 



9 c 
a b 



V Wi, 



a g 



(3.27) 



3.4. Relation to vertex models. The trigonometric face models under con- 
sideration are related to the 6 vertex model and its fusion in Section 13.11 [50] . 
Let us explain it along the simplest cases p.l7p and p.2|) . Let a e Z>i and 
Va^i be the spin representation of Uq{Ai) in Section I3.][F1 . We use co- 
product (|4.9|) and the concrete form (|4.10[) . In the irreducible decomposition 
Va^i (g) Vi = ®6=a±i^b-i' ^^c highcst weight vector Va,b e Vb-i is given by 



Va,a+1 



vl and Va,a-i 



V2 - q' 



vl . Repeating this once 



more, one gets the highest weight vectors Ua,fc,c in the irreducible component Vc-i in 
the decomposition of Va-iigiVi (8) labeled with a, 6, c such that \a — b\ = \b—c\ — 1. 
Explicitly, they read 



Va,a+l,a+2 



1 ; 



Va,a-l,a-2 



MqV 



qyu^ vl <S) vl - q"" '^V^ ^ vl vl) 



Va,a-l,a = [« - !]<?(«? 

,.a-l ^ „,1 ^ „,1 



' t'2 ^2 - g°"^wr^ 



2 



(3.28) 



Now consider the operator 1 (g) i?(2:) acting on Va-i <E)Vi^Vi. Since it commutes 
with Uq{Ai), the images of the highest weight vectors are again highest. The 
face Boltzmann weights can be extracted from the matrix elements between those 
highest weight vectors as 



(l(gi?(g"))z;,,b,e--(g-g"')g'^ 



(3.29) 



Here ^ = in the RHS and the sum is over d such that \a — d\ ^ \d — c\ = 1. A 
similar relation holds also between the fusion models. 

Conversely, one can deduce the R matrix from the face Boltzmann weights as a 
limit where the site variables or effectively ^ tends to infinity. For instance, p.7p is 



Actually, Va—i can be the Verma module with the highest weight vector ^ such that 



^ii" ^ for generic a. 
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obtained from p.24|) as 



"' + !+" (a,6)rn(fe,c)i 

[Q ^ Q )<1 ^ — — ; — -, 7^ lini W, 



{a,b)r 



= g5(a-6)^ + 3'»(l+f') 



a + ?7i + a — 6 



m,l 



b c 
a d 



-, k 



X = {xi,X2) 



The factor on the LHS of (|3.30p does not spoil the star-triangle relation. 



3 + 6- 



(3.30) 
(3.31) 
(3.32) 



3.5. Restriction. The (fusion) face models constructed thus far possess local states 
ranging over the infinite set Z and are called unrestricted. To obtain a model with 
finitely many local states, we make restriction. We introduce the integer £ £ Z>2 
called level, and specialize the parameters as follows: 



cxp 



-1 



sm 



2{e+2) 



(3.33) 



2(£+2) 



We further set ]¥„ 



uj~0 unless the pairs (a, 6), {d, c) (resp. (a, d), (6, c)) 

are m-admissible (resp. n-admissiblc) . Wc say that a pair (a, 6) is m-admissiblc if 

b — a IE {—rn, — m + 2, . . . , m}, (3.34) 

a + & e {m + 2, m + 4, . . . , 2^ + 2 - to}. (3.35) 

'b c 
a d 

with a,b,c,d S {1,2, ...,£+ 1} is called the restricted Boltzmann weight. One 



Notice that the admissibility forces a,b G {1, 2, . . 



-1}. The resulting 



may wonder if [0]„ 



[2i + 4], 



may cause a divergence somewhere in 



the construction. However it has been proved |35j that the restricted Boltzmann 
weights are well-defined and satisfy the star-triangle relation p.27p among them- 
selvetE3. In this way one obtains the level £ RSOS model whose local states belong 
to {1, 2, ...,£+ 1} and the fusion degree specified by m and n. 

Let us comment on the admissibility condition among which the first one p.34|) 
already appeared in p.26p . When £ oo, the admissibility reduces to the Clebsch- 
Gordan rule: 

Va-l<E>Vr,^= Vb-l- (3.36) 

h— 1 — |a— 1 — m| ,. . .,a+m— 3,a+m— 1 

The RHS contains precisely those b such that {a,b) is m-admissible at ^ = oo. 
For £ finite, the necessity ofa-|-6< 2£-|-2 — to can be seen for example in the 
first Boltzmann weight in p.24p . Under the specialization p.33p . it contains the 

factor sin ^ ^^''2^+4'"'* ) numerator. Thus the "next" ' b for which a + b = 

2£ + 4 — m "can not be reached" . Such a truncation is also observed at the level 
of characters associated with p.36p . Denoting the g-dimension of Va-i at root of 



unity by dim^V^j^i = sin hg^^ / sin [j^], "^e have 



{dimqVm){dimqVa-i) = 



?+2 

E 

h:{a.h) is m-admissiblc 



dim^Vfa-i. 



(3.37) 



Actually the statement holds for appropriately symmetrized Wm,n- See |35l section 2.2]. 
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This truncated decomposition is also known as the fusion rule in the SU(2) level I 
WZW conformal field theory [38] . 

Finally we remark that given £, one can not fuse too much. In fact, (j3.34p 
and (|3.35[) fix the admissible pairs to {(a, a) | l<a<^+l}atTO = and to 
{(1, ^ + 1), (i? + 1, 1)} at m = I. They lead to completely frozen models. Nontrivial 
situations correspond to the fusion degrees in the range 1 < m < £ — 1 . This is 
an origin of the truncation condition in the restricted T-system (Section 12. 2p for 
= Ax. 

3.6. Transfer matrices. We consider the row to row transfer matrix Tm{u) with 
periodic boundary condition whose elements r„i(u)^'|^' ' '^'^ are given by 





b2 








u - 




02 



w„ 



No sum is involved. It is depicted as 

fcl 62 



a-N-i a,N 



bl 



f bN bl 



VN 



rp (y^)bl,...,bN _ 

-^m\'^)ai,...,aN 
















/ 





O-N-1 QiV 



(3.38) 

Here (a^, Oi+i), (&i, are Si-admissible (ajv+i = aiifew+i = &i) and {on^bi) is 
m- admissible for all i. The inhomogeneity Si^Vi in fusion degrees and coupling 
constants are fixed and suppressed in the notation. The Tm{u) is zero unless the 
parity condition J^iLi •Si = mod 2 is satisfied. The star-triangle relation p.27p 
implies the commutativity [5] 

[TM,Tniv)]=0. (3.39) 
Let us take si = 1 for all i for simplicity and demonstrate the functional relation 
Ti{u + l)Ti{u - 1) = To{u)T2{u) + gi{u)id, 



To(u) 
where Ui = u 



1], 



TV 



1/2 



[2]ql/2 



\u. 



+ 3]^l/2[Ui - l]ql/2 



N 

n 

Vi. We first consider the case qn ^ bi^ ~ a. Set 

a bl 62 b^-i bN 



(3.40) 



ttiv-l 


ui — 1 

1 'I 


1 ^ 


UJV-1-] 

, / 


un + 1 


«1+1 




f N-l+l 
/ 



ajv-1 ajv 



(3.41) 

where each face stands for W = W\,\. To the difference £a+i,d — La-\,di one can 
apply the same trick as (|3.22p . In particular, the repeated use of the star-triangle 

relation and the property W\ ^ ~ 2 ) cx &ac tells that it vanishes unless = bi 



d = flAT + 1, 
d = ajy — 1. 
(3.42) 



for all i. Then the induction on TV leads to the identity 



+ l,a 



-Ca- 



l,d 



[2q], 

[2aAr] 



N 



[Ui + 3]yl/2[Ui - l]gl/2 
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Now we are ready to evaluate the matrix elements of Ti{u + l)Ti{u — 1). When 
o-N = bN ~ a, we have 

= -Ca-l.a-l + -Ca-l.a+l + J^a+l,a+l ^ ^a-l,a+l 

The first two terms yield ro(u)T2(u)Ji\' ;t^ by the definition ([3:231) . The other two 

terms are equal to {gi{uyid)^Y "-^^'^ l|3.42p with a = un- When gn ^ bN±2, 
one can more easily check p.40p since .gi(u)id does not contribute. 

3.7. Vertex and RSOS models for general g. We include a formal and partly 
conjectural description of solvable vertex and RSOS models and their T-system for 
general g. We will use the terminology introduced in later sections. (Therefore this 
technical section may better be skipped on the first reading.) 

Let Wm\u) be the Kirillov-Reshetikhin module (Section 14. 2p . where a G I (set 
of vertices on the Dynkin diagram of g) and m € Z>i. It is an irreducible finite 
dimensional representation of untwisted quantum affine algebra Uq ~ Uq{Q). Up to 
an overall scalar, there is the unique element, the R matrix, R G 'E,nd{Wm\ui) (g) 
wii'^ ("2)) characterized by the intertwining property A{Uq)PR = PRA{Uq), where 
P is the transposition. It can in principle be constructed concretely by solving this 
linear equation, or by the fusion of the simpler cases m = n = 1 (cf. Theorem 14. 3p 
or by taking the image of the universal R. Let us denote the resulting R matrix by 
i?('^'™''''"^(zi/z2), where Zi = g*"', t is defined by (|2.ip and the dependence through 
z\l Z2 is due to the general theory. 

(U2) 



2l/z2 

(3.43) 

As in p. lip , one introduces the row to row transfer matrix with the auxiliary 
space Wm^ (u) by (z = g*") 

T^^\u) = Tr^,<„,(„^ • • • <r"''\^l^^)) , (3.44) 

which acts on the quantum space w'f^^^ {v\)®- ■ •(8iivi]^"^(wjv) with Wi = g*^'. They 
are all commutative, i.e. [Tm'(w),Ti'' •*(«)] = thanks to the Yang-Baxter relation. 
It is a corollary of the exact sequence underlying Theorem 14.81 and the argument 
on the central extension (cf. [1] section 2.2]) that Tm\u) satisfies the unrestricted 
T-system for g (|2.22p with some scalars Tq°'\u) and gm\u) appropriately chosen 
depending on the normalization of Tm \u)- 

Let £ G Z>2. From the R matrix one can in principle construct the face Boltz- 

mann weights for level £ Uq{g) RSOS model at g = exp (^j^i^^tj^B Let us intro- 
duce 

P+ = Z>o © • • • © Z>o ujr, Pf = {A e P+ I (A|maximal root) < £}, (3.45) 



^•^ Actually any primitive 2t(£-\-h'^) th root of unity, /i^ is the dual Coxeter number of g I l2.3t . 
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where Ua is a fundamental weight of q (Section 12 .ip . Pi is the classical projection 
of the set of level i dominant integral weights of the afEne Lie algebra g at level £ 
For A G P+, let V\ be the irreducible [/^ (g)-module with highest weight A. Let 

resWrn"^ be the (not necessarily irreducible) C/g(g)-module obtained by restricting 
the f7g(g)-module Wm\u). It is independent of u. See the text around (|4.22p . 
When q is not a root of unity, one has the irreducible decomposition 

Vx «) res Wj^^ res Wj,^^ = n{X)^ ® 1/^, (3.46) 

where fl{X)^ is the space of highest weight vectors of weight fi. Since R{z) ~ 
pjl{a,m.-b^,i}^^^ commutes with [/g(g), the space fi(A)^i is invariant under id® R{z). 
Thus its matrix elements yield the Boltzmann weights of unrestricted SOS model 
as in p.29p . The star-triangle relation for them follows from this construction. 

To make the restriction, we consider the case q — cxp ^ t{e+hy) ) ' ^^'^'"'^ ^^e 
decomposition p.46p no longer holds [39l|40]. However, based on the observation 
for Q = Ai 130], we conjecture that if A is taken from and m < tai,n < tti, 
the quotient of the RHS of (|3.46l) by the type I modules [411 142|^ reduces the sum 
fi E P+ to /.J e Pe, and id R(z) remains well defined on it. Then the RSOS 
Boltzmann weights are defined as the matrix elements of id ® R^z) on the quotient 
space, and satisfy the star-triangle relation. 

The RSOS model so constructed has the fluctuating variables on edges as well 
as sites in general (cf. [43l Fig.l]). 

" ^ "ak (3.47) 

The site variables belong to Pi. In fact for g = ^i, one may regard the set of site 
variables {1,2,..., £-1-1} as = {0, wi, . . . , £uJi}. To describe the edge variables, we 

consider the decomposition VxiSSresWm'' = ®pgp^ ^a^™ generic q. When 

q ~ cxp jp^^vy^ , we need to take the quotient of the RHS by the type I modules, 

and this induces the quotient fi^'^™'' of ri^l^™^ . The edge variable associated to Wm'' 
belongs to the space i^^'^™^ . We set = dim f^^'^™^ and say that an (ordered) 

pair of site variables {X, fi) E Pi x Pi is admissible under wj^^ if yt^"^"^ > S The 
matrix = (y^^°^'"-')A,^gP(, is called the admissibility matrix of WmK 



7 




S 








A 


: Q 


K 



^■^Indecomposable modules with dim^ = 0. See l|14.49| l. 

The type Ar is bit special in that G {0, 1} holds for any (a, m) and A, pL, hence 

effectively no edge variable exists. However, the situation A^^^i"^ — ^ ^^^'^ happens for the fusion 
types more general than those specified by Kirillov-Reshetikhin modules [43) . 
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Let us formulate the row to row transfer matrix Tm\u) that corresponds to the 



dual of the one for the vertex model p.44[) . It acts on the space of paths 



1 A2 



(rjv,sjv) 



(3.48) 



dimJf(iV) = Tr(yt^''i'"i) . (3.49) 

The matrix elements are depicted as follows [ui = u — Vi, Xi = A^+at, fii = /ii_|-7v): 



Ml Pi P-2 P2 



7^(a)(',,^^'l.^l,A'2,/32,...,Miv,/3JV _ 

v"Mi,ai,A2,a2,...,Ajv,ajv / j 

■yen' 



Ul 


• U2 • 


1 ... 


' UN 


/ 


/ 




/ 



^1^*1 Ai ai A2 ^2 A3 



\n '^n Ai . 



(3.50) 



Here the symbols and /3i denote a basis of il^'^'^''^''^ and fii'^' ' 



'/iiMi+i , respectively. The 

pairs (Ai,Ai+i) and are both admissible under whereas is 

so under Wm^ . The RHS stands for the product of the N Boltzmann weights 
attached to the elementary squares summed over the states on the vertical edges 
accommodating i^^"^'' for i = I, . . . , N . As for the weights, A^+i — A,; = fJ-i+i — fii = 

SiLOr- mod the root lattice; therefore, the Tm\u) under consideration is vanishing 
unless 

AT 

s, {C-^)^^^ e Z for aU a el, (3.51) 

where C is the Cartan matrix of g (Section 12. ip . Due to the star-triangle rela- 
tion (including sums over edge variables), the commutativity [Tm\u) ,Tn''\v)] ~ 
holds. We conjecture that Tm\u) satisfies the level £ restricted T-system for g of 
the form (|2.22p with some scalars Tq°'\u) and gm\u) appropriately chosen depend- 
ing on the normalization. In particular, this implies that the \Pe\ by \Pi\ matrices 
_4('^.™) with a <E 1,0 < m < tat are commutative and satisfy the level € restricted 
Q-system (cf. Section ri4.5p with the boundary condition 

^(a,l) ^ 1^ j^{a,t^l+l) ^ ^ (3 52) 

Let dimg V\ be the g-dimension of V\a,t q = exp j^j^fij^ defined in (|14.49p . We 

set Qm"* = dim<j res VFm\ which supposedly satisfies the level t restricted Q-system 
(|14.5p (Conjecture 114. 2p . Now the generalization of p.37p is given as 

g(^) dim, v,= Y. ^i- 



(3.53) 



Since dim, Vx > for any X e Pi, the Perron- Frobenius theorem tells that Qm"* is 
the largest eigenvalue of the admissibility matrix A'^°''"^\ Therefore in the homo- 
geneous case where (r^, s^) = {p, s) for all i, we find from p.49p that 



N 



lim (dim:K(iV))^/^ = Q 



ip) 



(3.54) 



l^This leads to UbsA-^^''''''''^)^'''' = ^ 

any a a I, which is a weaker constraint than 
_4(a,t„f) _ employed in the definition of the level i restricted Q-system in Section 114.51 
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This property will be re-derived in the TBA analysis in ()15.20p . 

In general, the Boltzmann weights p.47p are expressed in terms of the function 

[u]^t/2 oc sin (^ 2(Wi'^) )' ^® defined in (|2.ip .) This is indeed the case for Ai as in 
(|3.17p and in the other known examples. It is also consistent with the Bethe equa- 
tion (|8.25|) . Consequently, the transfer matrix with an appropriate normalization 
possesses the periodicity 

Tj,:\u + 2{£ + h^))=T^^\u). (3.55) 

We will see in Theorem 15.71 that the level £ restricted T-system in Section 12. jf^ 
alone compels this property. 

3.8. Bibliographical notes. The integrability of the 6 vertex model (|3.ip (first 
solved in |2SJ [25]) has been formulated in terms of the Yang-Baxter equation and 
commuting transfer matrices in [5] . Solutions of the Yang-Baxter equation that have 
been known by 1980 are surveyed in [44j from the perspective of the quantum inverse 
scattering method. Subsequent generalizations of trigonometric vertex models to 
type A [45l |46l |47] and many other g |48l have been assembled in the reprint 
volume [50]. The fusion of vertex models is formulated in [27]. See also [51]. The 
idea of utilizing the functional relations of transfer matrices goes back to Baxter 
[SH [2] . Some simplest examples of the T-system have been obtained for the XXZ 
chain |53], the 0(7i)-symmetry models [Si] and vertex models associated with some 
other Q [55] . 

With regard to the RSOS models, the 8VS0S model is the fundamental example 
containing the Ising and (generalized) hard hexagon models as the level ^ = 2,3 
cases, respectively. The one point function [33] essentially gives rise to the charac- 
ter of the Virasoro minimal series, and this fact inspired intensive studies on the 
relations with conformal field theory and representation theory of quantum affine 
algebras. In the terminology in Section [3771 the 8VS0S model corresponds to the 
level £ RSOS model for g = Ai with fusion type W^^'^ (both on the horizontal and 
vertical edges). 

Beyond the Ai case, concrete constructions of RSOS models for untwisted affine 
Lie algebra g have been done for non exceptional series g = Ar, Br,Cr, Dr [Ml 
[57] associated with Wi^^ ("vector representation") and g = G2 [58] with Wi'^\ 
The fusion of RSOS models have been worked out explicitly only for type A [351 
1^ . One of the earliest examples of the T-system for RSOS models (except the 
Ising) is [5S] for the generalized hard hexagon model. It was systematized to the 
general level restricted T-system for Ai in [7]. See also [37] where the relation 
of the form "T^Ti = Tm-i + T„j+i" was given. In [59], the Jacobi-Trudi type 
functional relations (cf. Theorem 16.11 and 16. 2p were given for the fusion RSOS 
models of type A,-. The T-system for Ar is extracted from them in [T], where 
the extension to all g was proposed based on the connection to the Y-system and 
the Q-system. Finally, one can construct the quantum field theory analog of the 
commuting transfer matrices that act on Virasoro Fock spaces and satisfy the T- 
system. See [60] for the original construction for g ~ Ai and [61] for a recent 
application. 



In this case, the normahzation is Tq'^\u) = T^"j(u) = 1. 
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4. T-SYSTEM IN QUANTUM GROUP THEORY 

4.1. Quantum afRne algebra. For simplicity we concentrate on the untwisted 
quantum affine algebra Uq{Q) until Section H31 We assume that q e is not a 
root of unity and set q — e^; therefore, the domain U of the spectral parameter u 
should be understood as [/ = Ctn- See Section [2Jl We set / — {0} U / and let 
C = {Cij)^^^j be the Cartan matrix of the affine Kac-Moody algebra g [11]. For 

i,j G /; one has Cij = Cij where the latter is an element of the Cartan matrix C 
of 0. By definition, the (untwisted) quantum affine algebra Uq{g) [62l [14] is the 
associative algebra over C with generators , k^^ , [i € I) and the relations: 



kik- — k- ki — 1, kikj 



hh 



kiX j k^ — q. 



l-C, 



i/=0 



±c„- ± 



1 - c,. 



[Xj , Xj 



k-' 



1l - It 

(xty-^^^-^xfixfr^o (z^j). 



(4.1) 



Here qo = q and qi = g*/*' for i £ I. For the notations t and t^, see (|2.1I) . 
Furthermore, for Q < n < 



[n]q\[m - n]q\ 



[m]q\ 



(4.2) 



See (|3.18p for the definition of [m]^. The algebra Uq{Q) is denoted by [/^(fl) in some 
literature indicating that the analog of the derivation operator in g has not been 
included. There are 2''+^ algebra automorphisms of Uq{Q) given on generators by 



ki I— > (Tiki, X^ (TiX^ , 



(4.3) 



for any set of signs ao, - ■ ■ ,crr <= {±1}- Obviously, C/<j(0) contains Uq{Q) as a subal- 
gebra. 

There is another realization of Uq{Q) called the Drinfeld new realization [551 164) . 
Namely, Uq{Q) is isomorphic to the algebra with generators xf„ {i € I, n € Z), 
kf^ {i G /), hi^n {i £ I, n £ Z\{0}) and central elements c"*"-^/^, with the following 
relations: 

kikj — kjkij kihjji — hj ^iki, ^i'^jnJ^i — ^i j 



T|n|/2^± 



9j - 9, 



^j,m^i,n+l 



±Cij ± ± ± ± 

1i ^i,n^j,m+l ~ ^j,m+l^i,n^ 



9i - 9i 



E E(-i)'= 



= 0, i^j 



(4.4) 



35 



for all sequences of integers ni, . . . , n^, where s = 1 — Cij, Ss is the symmetric 
group on s letters, and (/)^„'s are determined by the formal power series 

oo / oo \ 

J2 4>t±nC^'' = exp ±{q, - ^ /i.,±™C±™ . (4.5) 

n— \ m — 1 / 

In the two realizations (|4.ip and (|4.4I) . the symbol /c^*^ (i G /) stands for the same 
generator under the isomorphism. ?7g(g) admits a Hopf algebra structure I14| . 

4.2. Finite dimensional representations. A representation W of Uq{Q) is called 
type 1 if the generators ko, ki, . . . , kr act semi simply on W with eigenvalues in 
and c^/^ in (|4.4p acts as 1 on W. A vector v € W is called a highest weight vector 
if 

x+„ ■v = 0, ?i=^„ • V = Tpf^^v, c^l'^v = V, (4.6) 

for some complex numbers tp^j^- A type 1 representation W is called a highest 
weight representation if = Uq{g) ■ v for some highest weight vector v. 

Theorem 4.1 ( |65[|66j ). (1) Every finite dimensional irreducible representation of 
Uq{g) can be obtained from a type 1 representation by a twisting with an automor- 
phism l^.gp . 

(2) Every finite dimensional irreducible representation of Uq{Q) of type 1 is a 
highest weight representation. 

(3) A type 1 highest weight representation with the highest weight vector v in ( [4.6p 
is finite dimensional if and only if there exist polynomials ^PalC) ^ '^[Q (^ ^ I) such 
that J'q(O) = 1 and 

Y.^t,±uC^- = 9^^"%^ G C[[C±^]]. (4.7) 

n>0 ■^a(t,qa) 

The polynomials "PaiC) ^tre called Drinfeld polynomials after the analogous clas- 
sification theorem by Drinfeld for Yangians 

The Kirillov-Reshetikhin module Wm\u) {a S /, m e Z>i,u e Ctn) is the irre- 
ducible finite dimensional representation of Uq (g) that corresponds to the Drinfeld 
polynomial 

n(c)= ^^=^^ ^ ' ; (4.8) 

1 otherwise. 



This W},^ \u) is equal to W^^^^^^_^+, in [STIIM]- In particular, W^^\u), . . . , W^''\u) 
are called fundamental representations. 



4.3. Example. Consider the simplest example t/q = ?7q(yl$^^''). In realization (|4.ip . 

... / 2 -2\ 
/ = {0, 1} and the Cartan matrix is C = ( ^ 2 / ' "^^"^ coproduct is given by 

Axf ^ x+ ®l + ki<g)xl, Axr = xr (^k^^ + l<g)xr , Afcf ^ = fc^^^ (g) fcf ^ (4.9) 

For m g Z>o, let Wm(u) = Wm\u) be the Kirillov-Reshetikhin module. Plainly, 
it is the m + 1 dimensional (i.e. spin ^) irreducible representation Wm(u) ~ 
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Cw5" ® • • • ® C<+i given by (z = q") 



T+7J™ 



z[to + 1 — j]v^- 



(4.10) 
(4.11) 



where [j] = [j]g = as in p.lSp . In the Drinfeld new reahzation (|4.4p . the 

highest weight vector is identified with and the eigenvalues in (|4.6p read 

\±(9™ - 9~")(zg")±" n > 1. 
The relation (|4.7p holds with the Drinfeld polynomial 

Ti(C) = (1 - Cg"""+^)(i - Cg"""+^) • • • (1 - C?"^""^) 



in agreement with 

The exact sequence (|3.16|) is refined along the definitions here. The vectors 
Vi G Vi and x = (xi, X2) G V„i in Section [3. II arc to be identified with vj and "wj^+i 
in ()4.10p - (|4.1ip . respectively. We introduce the base of Wi{u) (E) Wi{v) as 



Ui ^ vl®vl, 



U2 [^^(^1 )"1 = 
U3 = A{X^)U2 ^ vl®V2. 



vl vl + q ® I'l 



[2] 



u'i=vl'g)vl-qv2'S)vl, (4.12) 



Under the action of xf , k^^, the set of vectors {ui, U2, U3} and {u'l} behave as the 
triplet and the singlet representations as usual. On the other hand, with regard to 
Xq, they are mixed as follows, {x = ,y = q^) 

Ul 




A{X+) 

A(.To) 



(4.13) 



2^2— ^ u'l for instance. From (|4.13p . 



The diagram means A(a;(]")ui = (x + y)u2 
we find that Wi{u)(S>Wi{v) is irreducible if and only if ^ 7^ q^^-, namely u — Vy^ ±2. 



[2] 
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In the reducible cases, (|4.13p looks as 

Ul Ul 





A(X+) 

A(.To) 



(4.14) 

In the both cases, Wi (u) (8) Wi (v) is indecomposable and the subspace Cui Cu2 © 
Cu3 becomes isomorphic to W2{^^^) corresponding to the multiplicative spectral 
parameter z. The difference is that W2{^^^^) is the irreducible submodulc in the 
case of (i) while it is the irreducible quotient for (ii). Denoting the trivial one 
dimensional module Cu'i by Wq, we thus get the exact sequences of ?7g-modules: 

(i) ^ W2iu) -^Wi{u-1)(E) Wi{u + 1) ^ Wo ^ 0, (4.15) 

(ii) Wo ^ Wi{u + 1) (E) Wi{u - 1) ^ W2{u) 0. (4.16) 

The general case, which was first worked out in the context of Yangian, is summa- 
rized in 

Theorem 4.2 ([69]). Wm{u) (E) Wn{v) is reducible if and only if \u — v\ = m + n — 
2j + 2 for some 1 < J < min(m,n). In these case, the following exact sequences 
are valid: 

0^ Wj-i{u + 7n-j + l)®W,n+n-j + liv-m+j~- 1) -> Wm{u) E) Wn{v) 
Wrn^j {U - j) ® Wn-j {v + j) ^ 

for V ^ u = m + n — 2j + 2. 

W„,-j{u +j)(g} Wn^j{v -i)^ W,„(li) ® Wn{v) 

Wj-i{u -m + j - 1) (g) W„i+n~j+i (w + m - j + 1) ^ 
for u — v^m + n — 2j + 2. 



(4.17) 



4.4. q-characters. Let Rep Uq{g) be the Grothendieck ring of the category of the 
type 1 finite dimensional ?7g(0)-modules. Such a module W allows the direct sum 
decomposition 

w= W^, w^^{vew\3p>o,yaei,n>o,{^t,±n-it,±nrv-- 

7=(7^,±„)ie7,,i>o 

It can be shown [70] that the generating function of the (generalized) eigenvalues 
is expressed as 

„>/"'^"^ ^'^^ i?^(C<z.)i^.-(C<z.-)"''"^ " ^'-''^ 

in terms of some polynomials Ra iC) in C with constant term 1. 
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Let '^[y^z]aei zeC* be the ring of integer coefficient Laurent polynomials in 
infinitely many algebraically independent variables {Ya^z \ a £ I,z <E C^}0. The 
Frenkel-Reshetikhin g-character Xq is the injective ring morphism 

Xq : Rep C/,(fl) ^ Z[y±i],g,,,ecx , Xq{W) - ^ dim(Ty^)m^, (4.19) 

7 

where the monomial is specified from i?± (() (|4l8)) by 

n <r"'""% i?±(C)- n (l-'^^)''"'^- (4.20) 

Suppose that is the irreducible representation with Drinfeld polynomials 
g>^(() = ni=i(l " Qz'f'^). Comparing gT]) with BIB and one finds that 

its g-character Xq(W) contains the monomial JII^i Iir^i z'"' corresponding to 
the highest weight vector. Such a monomial is called a highest weight monomial. 
Thus, in particular, the g-character of the Kirillov-Reshetikhin module Wm\u) is 
a Laurent polynomial containing the highest weight monomial as 

m 

s=l 

where we have set z = g'". The case m = 1 is called the fundamental g-character. 
For an analogous treatment of the Yangians, see [7T| . 

Define G\iUq{Q) to be the image Imx^ and call it the g-character ring of Uq{Q). 
By the definition, Ch.Uq{Q) is an integral domain and a commutative ring isomor- 
phic to RepJ7(j(0). The following fact is well known. 

Theorem 4.3 ([70], Corollary 2). The ring ChC/q(g) is freely generated by the 
fundamental q-characters Xq(Wi°'\u)) (a E I ,u E U). 

Example 4.4. For q = Ai, the g-charactcr of the Kirillov-Reshetikhin module 
W^\u) is given by {z = g", = Yi^z) 

Xq{w['\u))^Yz+Y-l 

Xq[W^^\u)) = Yzq^.Yzq + Yzq-.Y-J, + Y^^^Y^^,, aud, in general, 

J = 4 = 1 fe=l 



■^The variable Ya,z is unrelated to the Y of Y-systems. 
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Example 4.5. We write down the fundamental g-characters Xq0^i'^\'^)) for 
with rank 2 (z ~ g*"). 

G2 : X,(W^i^'^ 



Y2.Z 



y-1 



- ^1,2 + Y^J;^iY2^zqY2^^q3 + Y2^zqY^J^s + ^l.zg^ ^2,zg3 >^2,zg5 + Y. ^ 



- >^2,2 + ^1,29^2,29^ 



Y, }„r,Y2^zq^ +Y^^ 



- iXq{W^^~"\u)) for B2)|n.,^y,., (a - 1,2), 

= ^l,z + 5^2,295^2,293 5^2,295 5^1. + 5^2,29^^2,293 5^2. zV 
+ 5^,294^2,295^27295^2,297 + ^l-2:'?"^l-2:'?''^2.293 -^27295 -^a.zV 
+ 5^2, Z95^2,Z90 5^1^7910 + ^1-2:9" ^2.Z99 5^1^79"' ^2, zV + 5l2,z95^2,z9ii 
+ 5a,z945^i^79S + 5^2,2955^2,2975^2,2905^1^798^1,291" + ^1.-^9"^2,Z93-^2,Z9" 
+ 5^2,z95 5^2,z975^i^79s5^2,z9" + ^2,Z9S 5^2,Z99 ■^2,Z9" 



5^1 , Z96 5^2 , Z97 5^2 , Z99 ^2 , Z9 1 1 



Y, 



l.zgi 



XqiW^'^u)) = y2,z + 5-1,2957,-^,. + 57:,V^2,2945-2,29« + Y2..q^Y-' 



+ 5^1,29= 5^o-A«5C 



-1 y-l 

2,296 2,29** 



+ Y,^^^^Y2 .nio 4-5^^2 
l,zq ^iZ9 2,29^^ 



More examples will be given in Sections I7.1H7.4I 

Any finite dimensional C/g(fl)-module W defines a representation of the subalge- 
bra Uq{g), which we denote by res VF. The (usual) character x of the latter lives in 
Z[y^^]a£i with Ua = e"^" with Wa being a fundamental weight. The g-character is a 
deformation of the character by z in that 

resx9(W^) = x(resVr), 

where res on the LHS is to be understood as 

res : Z[y^±7]ae7,2ecx -> Z[y^^]aei 

Ya,z ^-> Va- 

Note that resM^ is not necessarily an irreducible ?7g(0)-module even if W is so as a 

?7g(0)-module. Therefore the irreducible q-character Xq{^m\u)) does not restrict 
to an irreducible character in general. In fact in Example 14.51 one observes 



(4.22) 
(4.23) 



resx9(W^i^'^(u)) 



(4.24) 



x(K;i) + x{Vo) if = G2 and a = l, 
x(Kj„) otherwise, 

where V\ denotes the irreducible [/q(g)-module with highest weight A. The algebra 

Q — Ar'is exceptional in that iesXq{Wm\u)) = x(^w„) holds for all a and m. See 
(|7.7p and (|13.63p . A systematic treatment of such decompositions is related to the 
Kirillov-Reshetikhin conjecture which has been fully solved by now. See Section [T3l 
especially Section ri3. 71 

For a G I and z G , set 



a^zqa 



^Y, 



Y,: 



n 



y-l y-l 



n 



y: 



b,zq XX ^b.zq^ 
b:Cb„=-3 



y-ly-1 



(4.25) 
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By the definition, one has lesAa.z = Yibei Vb ~ with aa being a simple root. 

Let Sa (a G /) be the screening operator [7D|. Namely, Sa sends 'Z[y^z]a<£i,zi£C^ 
to the extended ring adjoined with the extra symbols Sa^z with a € I, z € . The 
action is given by 

Sa ■ Yb,z = SabYa^zSa,z (4.26) 

and the Leibniz rule Sa-{YZ) = {Sa-Y)Z + Y{Sa- Z). Thus for example, S'^-y^;/ = 
^SabYa^^ Sa,z- The Symbol Sa,z is assumed to obey the relation 

Sa,zql = Aa.zqa,Sa,z (4.27) 

in the extended ring. 

Theorem 4.6 f [701 172j ). (1) The q-character of an irreducible finite dimensional 
Uq{g)-module W has the form Xg(W^) = ™+(l + X]p -^'^p); where m_|_ is the highest 
weight monomial and each Alp is a monomial in A~\, I,z £ C^, (i.e. it does 
not contain any positive power factors of Aa^z)- 

(2) The image IvaXqi— Ch[/q(g)) of the q-character morphism {^.19^ is equal 
to ni=iKer5a. 

The assertion (1) is a natural analog of its undcformed version resxq(VF) € 
res(m+)(l + ^>o where res(m+) = ghighcst weight ^-^^ ^-j^g a-sum runs over 

Z>oai©---©Z>oar\{0}. 

The assertion (2) has a background in the characterization of the (deformed) 
VF-algebra as the intersection of the kernel of screening operators [TO] . 

Example 4.7. Let us illustrate Theorem 14.61 along q ^ A2. The definition (|4.25p 
reads 

Take Xq = XqiW^'Hu)) = Y^^z + Y-^\,Y2,zq + Y-^\, for A2 in Example O The 
highest weight monomial is Yi.z. Xq is expressed as 

Xq = Yl,,(l + ^r,2, + ^l'zqA2'zq^) (4-28) 

in agreement with (1). With regard to (2), let us check that Xq belongs to Kcr5i p| KerS'2. 

Si ■ Xq = ^l^z'S'l^z — Y^l^2Y2,zqSi^zq'^ = Yi^zSl^z ~ _/^2 ^2,zg^l,zg'S'l,z ~ 0, 

S2- Xq ^ Y^l^2Y2^zqS2,zq " ^2,zg3 -^^.zg^ = ,.^^2 i^2,z9<S'2,z9 ~ >^2,2g3 ^2,zg2 '5'2,zg = 0. 

4.5. T-system and q-characters. We continue to set u £ U = Ctn in this subsec- 
tion. The following is the fundamental result that relates the Kirillov-Reshetikhin 
modules with the T-system. 

Theorem 4.8 ([SIl EH])- For any q, T^\u) = Xq{W^\u)) satisfies the unre- 
stricted T-system for Q. 

In fact, the exact sequence corresponding to the g- version oi j = n ~ m case of 
(|4.17p has been obtained. It is an elementary exercise to check that the g-characters 
for = Ai in Example 14.41 satisfy the T-system ^2.6\i . 

Theorem 14.81 leads to a description of the ring RepUq{Q) ~ ChUq{Q) by the 
(/-characters of the Kirillov-Reshetikhin modules and the unrestricted T-system, 
which we shall now explain. Let T = {Tm\u) \ a G I,m G Z>i,it G U} denote 
the family of variables. Let T(g) be the ring with generators Tm\u)^^ with the 
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relations given by the T-system for g. Define 'J'°{g) to be the subring of 7{g) 
generated by T. 



Theorem 4.9 f [17]). The ring T°(g) is isomorphic to RcpC/g(g) by the correspon- 
dence T^\u) ^ W^\u). 



4.6. T-system for quantum afRnizations of quantum Kac-Moody alge- 
bras. The T-systems have been generalized by Hernandez [8] to the quantum 
affinizations of a wide class of quantum Kac-Moody algebras studied in [63l [73l 
[74l [75l [76l [77j . The most distinct feature compared from the setting so far is 
that the category RepJ7g(0) and the tensor product ® need to be replaced by 
yiod{Uq{Q)) consisting of not necessarily finite dimensional modules and the fu- 
sion product respectively. Nevertheless, with an appropriate definition of the 
Kirillov-Reshetikhin modules and their g-characters, the latter satisfy the (gener- 
alized) T-system [5]. 

Here we only give the definition of the quantum affinization of quantum Kac- 
Moody algebras and write down the T-system, leaving many details to |5] . Instead, 
we include the explicit form of the corresponding Y-system [78| on which our pre- 
sentation is mainly based. 

We begin by resetting the definitions and notations such as C, t, qi, g, q, Uq{g) and 
Uq{g) introduced so facj. Let / = {1, . . . , r} and let C = {Cij)ij^i be a generalized 
Cartan matrix in namely, it satisfies Cy £ Z, Cu = 2, Cy < for any i ^ j, 
and Cij = if and only if Cji = 0. We assume that C is symmetrizable, i.e. there 
is a diagonal matrix D ~ diag(c?i, . . . ,dr) with e Z>i such that B = DC is 
symmetric. We assume that there is no common divisor for di, . . . ,dr except for 1. 

Let ((),n, H^) be a realization of the Cartan matrix C [TTj; namely, () is a 
(2r — rankC) dimensional Q- vector space, and H = {ai,...,ar} C (}*, H^ = 
{a(, . . . ,a^} C i) such that aj{a^) = Cij. Let q G be not a root of unity. We 
set Qi = g'*' {i £ I) and use the symbols defined in (|4.2p . Let Uq{g) be the quan- 
tum Kac-Moody algebra [13] , which is a g-analog of the Kac-Moody algebra q 
associated with C [TT] . 

The quantum affinization (without central elements) of the quantum Kac-Moody 
algebra Uq{Q), denoted by Uq{g), is the C-algebra with generators xf^ {i g /, 



'This reset is only for the current subsection. 
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n e Z), kh {h e f]), /ii,„ {i e I, n \ {0}) and the following relations: 
khkh' = kh+h', ko = 1, kh(j)f{z) = (t)f{z)kh, 
khX^{z)^q^'''^''^xf{z)kh, 

(j)t{z)x^{w) = H0,+ (z), 



x+(.^)x7(z«) - x-H.T+(z) = — ^ (<5 (^) 0+(^) - 5 (1^) 0-(z)) , 
(w - g±^'^ z).Tf (u;) = - (z), 



X x±K(fc+i))---a;±(u;^(i_c^^)) =0 (iT^j). (4.29) 

In (|4.29p E is the symmetric group for the set { 1 , . . . , 1 — Cij } . We have also used 
the following formal series: 



(^) = E <^f (^) = fc±d,a,v exp ±{q - g ^) ^ /ij,±r 



and the formal delta function 8{z) ~ ^ 



z 



When C is of finite type, the above Uq{Q) is called an (untwisted) quantum 
ajfine algebra {without central elements) or quantum loop algebra; it is isomorphic 
to a subquotient of the previously introduced one (|4.4p by the ideal generated 
by c^^/'^ — 1 IM]- When C is of affine type, the quantum Kac- Moody algebra 
Uqi^o) is the one in (|4.ip . Its quantum affinization Uqi^Q) is called a quantum toroidal 
algebra (without central elements). In general, if C is not of finite type, Uq{Q) is no 
longer isomorphic to a subquotient of any quantum Kac-Moody algebra and has 
no Hopf algebra structure. 

From now on we shall exclusively consider a symmetrizable generalized Cartan 
matrix C satisfying the following condition due to Hernandez [S]: 

If C^j < -1, then d, = -Cj^ = 1, (4.30) 

where D — diag((ii, . . . , dr) is the diagonal matrix symmetrizing C. We say that a 
generalized Cartan matrix C is tamely laced if it is symmetrizable and satisfies the 
condition (j4.30p . A generalized Cartan matrix C is simply laced if = or — 1 
for any i ^ j. If C is simply laced, then it is symmetric, da = 1 for any a e /, and 
it is tamely laced. 

With a tamely laced generalized Cartan matrix C, we associate a Dynkin diagram 
in the standard way |llj : For any pair i j € I with C'tj < 0, the vertices i and j 
are connected by max{|Cij|, |Cjj|} lines, and the lines are equipped with an arrow 
from j to i if Cjj < — 1 . Note that the condition (|4.30p means 

(i) the vertices i and j are not connected if di, dj > 1 and di ^ dj, 

(ii) the vertices i and j are connected by di lines with an arrow from i to j or 
not connected if d^ > 1 and dj ~ 1, 
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(iii) the vertices i and j are connected by a single line or not connected if d; = dj . 

Example 4.10. (1) Any Cartan matrix of finite or affine type is tamely laced 
except for types A^j^'^ and A^g' . 

(2) The following generalized Cartan matrix C is tamely laced: 



C 





-10 \ 




/3 










-3 


2 -2 -2 







1 











-1 2 -1 


D = 








2 





Vo 


-1-1 2 ) 












2/ 



The corresponding Dynkin diagram is 



CE 
1 




Define the integer t by 



t = lcm((ii, . . . , dr). 



For a,b G I, we write a & if Cab < 0, i.e. a and 6 are adjacent in the correspond- 
ing Dynkin diagram. Let U be either ^-Z, the complex plane C, or the cylinder 
:= C/ (27r\/— 1/0^ fo^' some ^ e C\27r-y/— IQ, depending on the situation under 
consideration. 

For a tamely laced generalized Cartan matrix C, the unrestricted T-system 
associated with C is the following relations among the commuting variables 
{T^nHu) I a e /,m e Z>i,w e [/}: 



da 



b:b^a 



rp(a) 



T 



(a) 



if da > 1, 
(4.31) 

if da = 1, 
(4.32) 

where Tq°'\u) = 1 if they occur on the RHS in the relations. The symbol Sm (u) 
is defined by 



M =Tr!i(^)rrji(«)+ n si'Jiu) 



b:b^ 



k=l 



(b) 



u+-\2k-l-m + E 



-k 



(4.33) 



and £'[2;] [x £ Q) denotes the largest integer not exceeding x. 
Explicitly, Sm{u) is written as follows: For < j < db, 

= { n + 70- + 1 - 2fc)) } I n Tr'n' + 7 

For example, for db ^ I, 

5^^)(z.) = tW(u), 



{db - j + 1 - 2k) 
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for db = 2, 



for dh 



qib) 

'-'3m+2 



and so on. The second terms on the RHS of (|4.3ip and (|4.32p can be written in a 
unified way as follows [8l: 



da{m - k) 



dn.m 



b:b^a k—1 

When C is of finite type g, the above T-system coincides with the one for Uq{g) 
in Section [53] For C of affine type, it was also studied by [THj as a discrete Toda 
field equation. 

Let us proceed to the Y-system. For a tamely laced generalized Cartan matrix 
C, the unrestricted Y-system associated with C is the following relations among 
the commuting variables {Ym\u) | a G /,m £ Z>i,m € [/}, where Yq°'\u)^^ = 
if they occur on the RHS in the relations: 

/ ^ N / ^ X n (") 

Yi^) u-^]Yi^Uu+^]= , if d,>l, 



t \ t 



(4.34) 

, d\ f d\ n(i+^f(«)) 

(4.35) 



where for p e Z>i 



p-i fp-bl / / 1 N 

n n [i+yi'l+An+-{p-m + i-2k) 
■j=-p+i [ fe=i ^ ^ ^ ^ 



and yi?Vu) = in (11351) if ^ ^ Z>i. 

The Y-systems here are formally in the same form as (|2.1ip - (|2.15p for the quan- 
tum affine algebras. However, p in Z^lniu) here may be greater than 3. On the 
RHS of (|4^ . ^ is either 1 or da due to (|430| . The term zl%{u) is written more 
explicitly as follows: for p = 1, 
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for p = 2, 

zi%iu) = (1 + yi^liH) (i + 4?.' - i)) (i + Y^^:i ^u + ^^yi + Y^lM)). 

for p = 3, 

z^^liu) = (1 + yi:L,(^.)) (i + rill (^^ - 1)) (i + ntli + ^)) 

X (l + (" - i) ) (1 + ^3^^ (-)) (l + (" + l) ) 
X (l + r^i+i - ) (l + Y^l, (^u+^^Yl + Y^'2^,{u)) , 

and so on. There arc factors in Z^}m{u). 

The T and Y-systcms in this subsection satisfy formahy the same relations as 
those explained in Section [2.31 Their restricted versions have also been formulated 
in [TS]. 

4.7. Bibliographical notes. The origin of the Kirillov-Reshetikhin modules (they 
are named so in jSOl Definition 1.1]) goes back to [81], where the spectral parameter 
dependence was not considered. The idea of treating them as one family of Y{q) or 
Uq{Q) modules with spectral parameter satisfying the T-system in the Grothendieck 
ring was initiated by [1], where the identification by Drinfeld polynomials was 
also given in the context of Yangian based on the result of [69]. Meanwhile, the 
representation theory of finite dimensional Uq{Q) modules was pushed forward by 
[82] [65] , where the Kirillov-Rcshctikhin modules were characterized and studied as 
minimal affinizations of Uq{Q) modules [83t ,84. ,85l 1861 [57] . 

The relation between the Kirillov-Reshetikhin modules and T-systems became 
transparent after the introduction of q-character by [70] . The case of Yangian goes 
back to [71]. Theorem 14. 81 is due to [H^ for simply laced g and [68] for general g. 
Under certain circumstances, there are algorithms to compute g-characters [72] or 
its further generalization called t-analog of g-characters Xq,t [SHI IHj for ADE case. 
In particular, Xq.t of a-H the fundamental representations has been produced j89j . 
among which the Eg, case requires a supercomputer. 

The T-systcms for the quantum affinizations of quantum Kac-Moody algebras in 
Section [4.61 are due to [8]. The corresponding Y-system and formulation by cluster 
algebra are given in [78] . 



5. Formulation by cluster algebras 

5.1. Dilogarithm identities in conformal field theory. Let L{x) be the Rogers 
dilogarithm function |901 191] 

m = -in'^^^ + ^]dy (0<.<1). (5.1) 
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It is well known that the following properties hold {0 < x,y < I). 

L(0) = 0, i(l) = Y, (5.2) 

L(x)+i(l-x) = ^, (5.3) 
o 

L{x) + L{y) + L(l - xy) + L (^^) + L (^-^) = tr- (5-4) 

\\-xy) \\-xy) 2 

In the series of works by Bazhanov, Kirillov, and Reshetikhin [53 l [37 l l8T | l92 j [59 ] . 
they reached a remarkable conjecture on identities expressing the central charges 
of conformal field theories in terms of L(x), and partly established it. 

In what follows, g denotes any one of the simple Lie algebras A^, B^, ■ ■ ■ ,G2 
as in the previous sections. In Section 12.21 we defined the level £ restricted Y- 
system for g for £ S Z>i. Let us introduce the system of relations for the variable 
{Ym^ I a e /, 1 < m < tai — 1} obtained from the level £ restricted Y-system by 
setting Ym\u) — Ym'^ dropping the dependence on the spectral parameter u. We 
call it the level £ restricted constant Y-system. 

Theorem 5.1 ( |931 194] ). There exists a unique solution of the level £ restricted 
constant Y-system for g satisfying Ym^ € R>o for all a <E 1 , 1 < m < ta£ — 1. 

Theorem lS.ll was proved by [93j for simply laced case, and extended to nonsimply 
laced case by [94j using the same method. For more information on the constant 
Y-system, see Section ri4. 41 and 114.61 

The following theorem was originally conjectured by |81) and |59] for simply 
laced case, and conjectured by [92j and properly corrected by |18| for nonsimply 
laced case. 

Theorem 5.2 (Dilogarithm identities [521 [^51 IMl ISS] ) • Suppose that a family of 
positive real numbers {Ym^ | a G /, 1 < m < ta£ — 1} satisfy the level £ constant 
Y-system for g. Then, the following identities hold: 

where is the dual Coxeter number of q 112. S\) . 

The rational number of the first term on the RHS of (|5.5p is the central charge 
of the Wess-Zumino- Witten conformal field theory associated with g with level £ 
[HH] • The rational number on the RHS of (|5.5p itself is also the central charge of 
the parafermion conformal field theory associated with g with level £ [991 llOOj . The 
identity (|5.5[) is crucial to establish the connection between conformal field theories 
and various types of non conformal integrablc models in various limits (cf. Section 
[TOl) . 

Example 5.3 (|53]). Consider the case g ~ Ai and any £, which is equivalent to 
the case g = Ag-i and £ = 2 by the level-rank duality. Then, one has the solution 



-(1) ^ 

rn 



(5.6) 
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and the corresponding identity (|5.5|) reads 

m=l yf'iii f_|_2 / 

This identity has been known and studied by various authors in various points 
of view. See |1011 1102] and reference therein. In particular, the identity is derived 
|1031 1104j from the following g-series expression [105j for the parafermion conformal 
character ("string function" in multiplied with Dedckind's eta function): 

oo t-1 k 

^ ^i:U^."."™(.nin(*^^-)-^) (q), :=[](l-gJ-), (5.8) 

ni,...,n^_i— m— 1 j — ^ 

where the sum is under the constraint '^'^m = mod 2i. In fact, a crude 

estimate by a saddle point method tells that as q ^ 1, this series diverges as 
const • {q)"'^^^^ where c is the LHS of (|5.7p and ^ ^ is the modular conjugate 
specified by (lnq)(lng) ~ Air'^ . Comparing this with the known asymptotics of the 
string function [Tl] yields (|5.7p . For general g, sec around (|14.43p . 

For g = Ar, Kirillov [92] gave the explicit expression of the solution (cf. Example 
114. 4p . and proved the corresponding identity (|5.5p by the analytic method, but an 
extension of the proof to the other cases seemed difficult. 

In the 1990s, people pursued a proof through lifting the dilogarithm identities 
to the Rogers- Ramanuj an type identities as Example 15.31 (e.g. [1061 1107[ 11081 11091 
IllOj ). This created a new subject called the Fermionic formula of conformal char- 
acters and their variants, which turned out to be a rich subject itself, and it has 
been intensively studied to this day by its own right. See (ii) in Section 113.81 In 
spite of this successful development, the original problem of proving the dilogarithm 
identities (|5.5p itself did not make much progress. 

The scene changed after the introduction of a new class of commutative algebras 
called cluster algebras by Fomin-Zelevinsky |lllj around 2000, which we explain in 
this section. 

5.2. Cluster algebras with coefficients. Here we recall the definition of the 
cluster algebras with coefficients and some of their basic properties, following the 
convention in j9j with slight change of notations and terminology. See [9] for more 
detail and information. 

Fix an arbitrary semifield P, i.e. an abelian multiplicative group endowed with a 
binary operation of addition © which is commutative, associative, and distributive 
with respect to the multiplication jll2j . Let QP denote the quotient field of the 
group ring ZP of P. Let / be a finite setF^. and let B ~ {Bij)i,j(=i be a skew 
symmctrizable (integer) matrix; namely, there is a diagonal positive integer matrix 
D such that *{DB) = —DB. Let x = {xi)i^i be an /-tuple of formal variables, and 
let y = {yi)i^i be an /-tuple of elements in P. For the triplet {B,x,y), called the 
initial seed, the cluster algebra A{B, x, y) with coefficients in P is defined as follows. 

Let {B' ,x' ,y') be a triplet consisting of skew symmctrizable matrix B' , an /- 
tuple x' = {x'j)i^i with cc- € QP(a;), and an /-tuple y' = {y'i)i£i with y'^ G P. 



This / does not necessarily correspond to the I in Section 12.11 for the index set of Dynkin 
diagrams. 
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For each k e /, we define another triplet {B" ,x" ,y") = iikiB' ,x' ,y'), called the 
mutation of {B' , x' ,y') at fc, as follows. 
(i) Mutations of the matrix. 




i = k or j = k, 
B'jB'kjl) otherwise. 



(5.9) 



(ii) Exchange relation of the coefficient tuple. 



"^(T^^P^ ^^^'^^^^0, (5.10) 



(Hi) Exchange relation of the cluster. 

y'kIlj:B'.^>0^'j +Ilj:B'.^<0^'o 

i ^ k, 

It is easy to sec that /i^ is an involution, namely, fih{B" ,x" ,y") ~ {B',x',y'). 
Now, starting from the initial seed (i?, a;, y), iterate mutations and collect all the 
resulted triplets {B' , x' ,y'). We call {B',x',y') the seeds, y' and a coefficient 
tuple and a coefficient, x' and x'^, a cluster and a cluster variable, respectively. The 
cluster algebra A{B, x, y) with coefficients in P is the ZP-subalgcbra of the rational 
function field QP(a:) generated by all the cluster variables. 

It is standard to identify a skew- symmetric (integer) matrix B = {Bij)i j^j with 
a quiver Q without loops or 2-cycles. The set of the vertices of Q is given by /, and 
we put Bij arrows from i to j if Bij > 0. The mutation Q" ~ ^J■k{Q') of a quiver 
Q' is given by the following rule: For each pair of an incoming arrow i k and an 
outgoing arrow k — > j in Q', add a new arrow i — > j. Then, remove a maximal set 
of pairwise disjoint 2-cycles. Finally, reverse all arrows incident with k. 

Let Puniv(2/) be the universal semifield of the /-tuple of generators y ~ {yi)ieii 
namely, the semifield consisting of the subtraction-free rational functions of formal 
variables y with usual multiplication and addition in the rational function field 
Q(j/). We write © in Puniv(2/) as -f- for simplicity. 

From now on, unless otherwise mentioned, we set the semifield P for A{B, x, y) 
to be Puniv(2/)j where y is the coefficient tuple in the initial seed {B,x,y). 

Let Ptrop(2/) be the tropical semifield oi y = {yi)i^i, which is the abelian multi- 
plicative group freely generated by y endowed with the addition ® 

i i i 

There is a canonical surjective semifield homomorphism ttt (the tropical evaluation) 
from Puniv(y) to Ptrop(y) defined by iTTiy) = y- For any coefficient y'^ oi A{B,x,y), 
let us write [?/^]t := T^Tiy'i) for simplicity. We call [?/^]t's the tropical coefficients 
(the principal coefficients in [5]). They satisfy the exchange relation (|5.10p by 
replacing y'^ with [y^Jx with © being the addition in (|5.12p . We also extend this ho- 
momorphism to the homomorphism of fields ttt : (QPuniv(2/))(2^) — > (QIPtrop(y))(a;). 

To each seed {B',x' ,y') of A{B,x,y) we attach the F -polynomials Fl{y) S Q(y) 
{i £ I) by the specialization of [x'j\T at Xj = 1 (j e /). It is, in fact, a polynomial 
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in y with integer coefficients due to the Laurent phenomenon [9l Proposition 3.6]. 
For definiteness, let us take / = Then, x' and y' have the foUowing 

factorizcd expressions [51 Proposition 3.13, CoroUary 6.3] by the i^-polynomials. 




(5.13) 



(5.14) 

) uniquely determined by (|5.13p 



The integer vector = {g[^, . . . , g^) {i = 
for each x[ is called the g-vector for x[. 

Let i = (ii, . . . , ir) be an /-sequence, namely, ii, . . . , v G /. We define the com- 
posite mutation fii by /ii = /i^^ • • • ^i^^t-^, where the product means the composition. 

Lemma 5.4. Let B ~ {Bij)i^j^j be a skew symmetrizable matrix and let i = 
(ii, . . .,ir) be an I-sequence. Suppose that Bi^i^ = for any 1 < a,b < r. Then, 
the following facts hold. 

(a) For any permutation a o/ {1, . . . , r}, we have 



fii{B,x,y) = 



.){B,x,y). 



(5.15) 



(b) Let B' = ^li[B). Then, B[^^^ = holds for any 1 < a,b < r. 

(c) Let {B',x',y') = m(B,x,yX Then, {B,x,y) = ^ii{B' ,x' ,y'). 



5.3. T and Y-systems in cluster algebras. All the T and Y-systems in Sec- 
tions I2.1H2.5I are regarded as relations among a cluster among cluster variables and 
coefficients in certain cluster algebras A{B, x, y). 

Let us mention two big advantages of cluster algebra formulation. 

(a) The T and Y-systems are integrated in one algebra A{B,x,y), and com- 
monly controlled by /"-polynomials (together with tropical coefficients and 

vectors) through the formulas (|5.13p and (|5.14p . This fact may be hardly 
realized just by treating the T and Y-systems only. 

(b) The cluster algebra A{B, x, y) itself is further controlled by the (generalized) 
cluster category developed by [m [TTil [TT51 [TTCl [TTfl [TT5] . 

Here we concentrate on an example of level 4 restricted T and Y-systems for 
A4 to present a basic idea. Let Q be the following quiver with index set X = 
{1, 2, 3, 4} X {1, 2, 3}. Note that we also attached the property +/— to each vertex. 



+ 

(1,3) 

(1,2) 

+ 



(2,3) 
+ 



-o- 



(3,3) 



(2,2) 



o 



(> 



(3,2) 



-O 



(4,3) 
+ 



-Ct- 



(4,2) 







(5.16) 



-O 



(1,1) (2,1) (3,1) (4,1) 



Below we identify Q with the corresponding skew symmetric matrix B as described 
in Section [521 

Let i+ (resp. i_) be a sequence of all the distinct elements of I with property -f- 
(rcsp. — ), where the order of the sequence is chosen arbitrarily thank to Lemma [5?4l 
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Then, the quiver Q has the foUowing periodicity under the sequences of mutation 
i+ and i-: 

Q ^ QOP ^ 0, (5.17) 

where is the opposite quiver of Q, namely, the quiver obtained from Q by 
inverting ah the arrows. 

Now we set {Q{Q),x{0),y{0)) :— {Q,x,y) (the initial seed of A{Q,x,y)) and 
consider the corresponding infinite sequence of mutations of seeds 



^ (g(-l),x(-l),y(-l)) ^ (Q(0),x(0),2/(0)) A 

(Q(l),x(l),2/(1)) ^ (g(2),x(2),2/(2)) 



(5.18) 



I g li is even 
I Q P u IS odd, 

thereby introducing a family of clusters x{u) (u G Z) and coefhcients tuples y{u) 
{u e Z). 

For {{i,i')^u) G I x Z, we write {{i,i'),u) : p+ if i + 1' + m is even, or cquivalently, 
if u is even and (i,i') has the property +, or u is odd and {i,i') has the property 
— . Plainly speaking, ((i,i'),it) : p+ is a forward mutation point in (|5.18p . 

For ((i, i'), u) g I X Z, we set ((i, i'), w) : p+ if ((i, i'), w + 1) : P+- Consequently, 
we have 

((*, t'),u) : p+ ^ ((*, *'), u ± 1) : p+. (5.20) 

First, we explain how the Y-system appears in cluster algebra. The sequence 
of mutations (jS.lSp gives various relations among coefficients yi,i'{u) {{{i,i'),u) £ 
I X Z) by the exchange relation (|5.10p . Then, all these coefficients are products of 
the "generating" coefficients yi^i'{u) and l + yiA'{u) {{{i,i'),u) : p+). Furthermore, 
these generating coefficients obey some relations, which are the Y-system. 

Let us write down the relations explicitly. Take {{i,i'),u) : p+ and consider the 
mutation at {{i,i'),u), where yi^i'{u) is exchanged to yi.i'{u + 1) = yiji{u)~^, by 
()5.10p . In the next step going from Q{u + 1) to Q{u + 2), the (forward) mutation 
points are those satisfying ((j, j'), u + 1) : p+. Therefore the above yi^i' {u + 1) gets 
multiplied by factors (1 + yj^ji{u + 1)) if the quiver Q{u + 1) has an arrow from 
{i, i') to {j, j'), and (1 + yjj' {u + 1)^^)~^ if the quiver Q{u + 1) has an arrow from 
ihf) to {i,i')- The result coincides with the coefficient yi^i'{u + 2). In summary, 
we have the following relations: For ((i,i'),u) : p_|_, 

(1 + ?/i,j'_i(u + 1) ^)(1 + y,,j'+i(u + 1) J-) 

where ya^i'{u + 1) = y5a'iu + 1) = and yifi{u + 1)^^ = J/i,4(w + 1)^"'^ = on the 
RHS. Or, cquivalently, for {{i,i'),u) : p+, 

/ IN / , IN (1 + ?/,-i,i'(it))(l + yi+iy(M)) 
yt,i'(u-l)yr,t'[u + l) = — 5.22 

(1 + yj,i'-i(w) ^)(l + 2/j,i'+i(u) ^) 

This certainly agrees with the level 4 restricted Y-system for A4 under the identi- 
fication of yi.i'{u) with Y^i^\u). 

Next, we explain how the T-system appears in cluster algebra. The sequence of 
mutations (|5.18p gives various relations among cluster variables Xi^ii (u) {{{i, i'),u) £ 
X X Z) by the exchange relation (|5.1ip . All these coefficients are represented by 
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the "generating" cluster variables Xi^i'{u) {{{i,i'),u) : p+). Furthermore, these 
generating cluster variables obey some relations, which are the T-system. 

Let us write down the relations explicitly. Take : p+ and consider 

the mutation at {{i,i'),u). Then, by (|5.1ip and the fact that {{i ± l,i'),u) and 
± l),u) arc not forward mutation points, we have 



Xt,i'{u)xi^eiu + 2) 



1 + Ui.i'iu) 
1 

+ 



1 + Vi.i'iu) 



Xt-l,i> {U + l)Xi+l^ii (u + 1) 
Xi^i'-l{u + l)Xi,i' + l (li + 1), 



(5.23) 



where xo,i'(M + 1) = xz,i'{u + 1) Xi_o{u + 1) = Xi_4{u + 1) = 1 on the RHS. By 
introducing the "shifted cluster variables" Xi{u) :~ Xi{u + 1) for : p+, 

these relations can be written in a more "balanced" form and become parallel to 
()5.22p as follows: For {{i,i'),u) : p+. 



Xi^i>{u ~ \)Xi^i\u + 1) 



1 



1 + Vi.i'iu) 



i^i'-i(u)5i,i'+i(w). 



(5.24) 



Let A{B, x) be the cluster algebra with trivial coefScients with initial seed {B, x). 
Namely, we set every coefHcient to be 1 in the trivial semifield 1 = {!}. Let tti : 
IPuniv(2/) — > 1 be the projection. Let [.Ti(u)]i be the image of Xi{u) by the algebra 
homomorphism A{B,x,y) — > A{B^x) induced from tti. By the specialization of 
(|5.24l) . we have 

[XiA-iu - l)]l[ii,i'(w + l)]l = [it-l.t'{u)]i_[Xi+i,i'{u)]^ + [X^A' ~l{u)]i_[Xi^ii + i{u)]x. 

(5.25) 

This certainly agrees with the level 4 restricted T-system for A4 under the identi- 
fication of [ii^i'(u)]i with T^f'iu). 

For simply laced, the quiver relevant to the level I restricted T and Y-systems 
is drawn similarly to (|5.16p on the vertex set X = {nodes of the Dynkin diagram} x 
{1, 2, . . . , ^ — 1}. For g nonsimply laced, it is slightly more involved [531 ISS]- Here 
we only give examples for B^^ with level 2 (left) and level 3 (right). 

,0 o >-o< o — 



Remark 5.5. Once we realize that the T and Y-systems are integrated in a single 
cluster algebra with coefficients as above, the relation between T and Y-systcms in 
Theorem [2T5] becomes an immediate consequence of a more general relation between 
cluster variables and coefficients in [9l Prop. 3.9], where (|2.19p is a special case of 
[21 eq. (3.7)] with the specialization of the base semifield P therein to the trivial 
semifield. See also (119) Prop. 5 .11] for the relation between more general T and 
Y-systems. 
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5.4. Application to periodicity and dilogarithm identities. As remarkable 
applications of the cluster algebra formulation, one can prove the periodicities of T 
and Y-systems and dilogarithm identities (|5.5p . 

The following periodicity property was originally conjectured for type by [3], 
for simply laced case by Ravanini-Tateo- Valleriani [5] , and for nonsimply laced case 
by Kuniba-Nakanishi-Suzuki [1]. 

Theorem 5.6 (Periodicity [1201 [mj [123 [123 [122 [n3 [l23 [13 For any 

family of variables {Ym\u) \ a€l,l<m< tai — 1, u G Z} satisfying the level i 
restricted Y-system for q, one has the periodicity 

yif)(u + 2(/^^+£))=yif)(u). (5.26) 

To prove Theorem 15.61 in full generality, the use of the categorification of the 
cluster algebra by the cluster category by |1171 1118j is essential. 

Since the T-system is integrated in the same cluster algebra, one can simul- 
taneously prove the periodicity of T-system as well, which was overlooked in the 
literature until recently [1261 [T7] . 

Theorem 5.7 (Periodicity [3 [113 [113 [113 [HI [Ml [2S])- For any family of variables 
{Tm\u) I a G /, 1 < m < tai — 1,m S Z} satisfying the level £ restricted T-system 
for Q, one has the periodicity 

Tj^\u + 2{h^ +£))=T(^\u). (5.27) 

Closely related to the periodicity of Y-systems, the following (significant) func- 
tional generalization of the dilogarithm identities (j5.5p was originally conjectured 
for simply laced case by Gliozzi-Tateo |128| . 

Theorem 5.8 (Functional dilogarithm identities [US [113 [113 [23 [Ml [SS] ) • Sup- 
pose that a family of positive real numbers {Ym\u) | a € /, 1 < to < ta£— l,u £ Z} 
satisfy the level £ restricted Y-system for q. Then, the following identities hold: 

a67 m=l ti=0 \ i "f- ^ m \U) ) 

where h is the Coxeter number of g i2.3\} . 

Example 5.9 ( |128] ). (i) In the simplest case, type Ai, the identity (|5.28p is 
equivalent to (|5.3p . 

(ii) In the next simplest case, type A2, the identity (|5.28p is equivalent to the 
5-term relation (|5.4p . 

Theorem 15.81 implies Theorem 15.21 namely, take a constant solution Ym^ = 
Ym"^ (u) of the Y-system with respect to the spectral parameter u. Or equiva- 
lently, take a solution to the constant Y-system in Section 114.41 Then, one obtains 
(1531) from (lOSl) . 

See Section 15.51 for more precise account of contributions to Theorems 15.61 15.71 
and [513 

5.5. Bibliographical notes. The cluster algebraic formulation of Y-systems was 
given for the simply laced case with level 2 by |122| . for the simply laced case 
with general level by [115| , for the nonsimply laced case by [Ml [SS] , and for the 
quantum afBnizations of the tamely laced quantum Kac-Moody algebras by [73 
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I130j . The recognition of T-systems in the cluster algebras was made a little later 
than Y-systems in [1311 [TTl 1132] , though the simply laced case with level 2 clearly 
appeared in [133] . The formulation here is due to [751 Ull US] • See [119] for a further 
generalization of T and Y-systems in view of cluster algebras. 

Theorem 15.61 was proved for type Ar with level 2 by |1201 1121j , for the simply 
laced case with level 2 by [133j . for type Ar with general level by [123] and |124j . 
for the simply laced case with general level by |1151 1125j , and for all the cases with 
unified method by [MUSS]. 

Theorem 15.71 was proved for the simply laced case with level 2 by [133] . for type 
Ar with general level by jl27j and |124| , for the simply laced case with general level 
by [115j and [17] , for type Cr with general level by [TT] , and for all the cases with a 
unified method by [MllM]. Actually in [l7l|94l[96], refinements of Theorem [5J| and 
15.71 have been obtained concerning the property under the half shift u — u + h"^ +£. 

Theorem 15.81 was proved for type Ar with level 2 by |120[ I121j , for the simply 
laced case with level 2 by |129| , for the simply laced case with general level by [95] 
and for the nonsimply laced case by [M] [96] . See [119] for a further generalization 
of dilogarithm identities in view of cluster algebras. 

There is a dilogarithm conjecture that generalizes (|5.5p involving — 24 x (scaling 
dimensions) in addition to the central charge on the RHS. See [J] and [1341 appendix 
D]. Some of them has been proved in jlOll section 1.3, 1.4]. 



6. Jacobi-Trudi type formula 



6.1. Introduction: Type A^.. In this section we exclusively consider unrestricted 
T-systems. By Theorem 14. 3[ we know that Tm \u) is expressible as a polynomial 
in the fundamental ones T^^\v),...,Ti''\v) with various v. Such formulas can be 
derived directly. Consider for instance the unrestricted T-system for A2: 

T^lHu - l)TilHu + 1) = T^^U^)T^nU^) + T(2)(«), 
T^Hu - l)T(f)(^. + 1) = t!^Uu)t!^Uu) + Til\u). 

Setting TO = 1, 2 and noting Tq^\u) = Tq'^\u) = 1, one gets 

T^'\u) = T^'Hu - 1)tI'\u + 1) - Tf 
T^'\u) = t[^\u 1)t['\u + 1) - t['\u), 

T^^\u) = t[^\u - 2)t[^\u)T^^\u + 2) - T^^^u - 2)t[^\u + 1) 
^t[^\u + 2)t[^\u-1) + 1. 
The formulas generated in this manner are systematized in a determinant form: 



r«(u) = 



1 



.(2). 



(2) 



rf'(ii-i) 1 



1 



1 rf^(u) rp'(u + i) 
1 rf'(u + 2) 



Proceeding similarly, one gets 
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Theorem 6.1 ([59]). For the unrestricted T-system for Ar, the following formula 
is valid: 

Tl°:\u) = dcl{T'l''~'+'\u + i+j-m- l))i<.,,<„, (6.1) 

where t[''\u) = unless < a < r + 1, and t[^\u) = t[''^^\u) = 1. 
The proof reduces to the Jacobi identity among the determinants 

where ^[j^ j^' ] is the minor of D removing z^'s rows and jfc's columns. 

Alternatively, one can also solve the T-system to express everything by T^^^ {v) 
with various v and k. By the same method as before, one can easily systematize 
such formulas and establish 

Theorem 6.2 (|59j). For the unrestricted T-system for Ar 112. 5\) without assuming 
Tm^^\u) = 1, the following formula is valid: 

Tj^\u) = detiT^l+^iu + i+j -a-l))i<,,,<a (1 < a < r + 1), (6.3) 

where Tq^\u) = 1 and Tm\u) = for m < 0. 

The formulas (|6.ip and (|6.3p are quantum analog of the Jacobi- Trudi formula 
for Schur functions |135] . 

In the remainder of this section, we present the Jacobi- Trudi type formulas 
analogous to (|6.ip for the T-systems for Br,Cr and Dr. The result involves not 
only determinants but also Pfafhans for Tm\u) in Cr and Tm and Tm\u) 

in Dr. 



6.2. Type Br- For any fc G C, set 



'T['"\u + k) l<a<r, 
1 a = 0. 



(6.4) 



We introduce the infinite dimensional matrices T = and E — {£ij)ij^z as 

follows. 







( S^+i 

^ i+j 1 
2 ^ 


if i e 2Z + 1 and ^ 


e {1,0,. 


Tij 




2 


if i e 2Z + 1 and ^ 


e {1-r 






r-\-i— ^ 


if i e 2Z and j = i + 


2r-3, 








otherwise. 








'±1 ifi = 


j - 1 ± 1 and i e 2Z, 






- 


xl-i if i = 


j - 1 and i e 2Z + 1, 








otherwise. 





(6.5) 



(6.6) 
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For instance for B3, they read 



iTij)i,j>i 



ij H,j>l 



/4 





xl 





X2 





-4 







-1 














"•"''5/2 
















1 





X2 





4 





X/ 







'4 




















4/2 














1 










4 







-4 


V 




















/o 


a-3 














\ 











1 





-1 

























X2 

























1 


-1 

























xl 

























1 














(6.7) 



(6.8) 



Let T\u-^u+s be the overall shift of the lower index — > ^t+s accordance 
with (|6.4p . As is evident from this example, the quantity is contained in T\u^u+s 
at most once as its matrix element for any 1 < a < r and k. For example, the shift 
s = 1 is needed to accommodate x\ as the (1,1) element of T\u^u+s- In view 
of this, we employ the notation Tmih to mean the m by m sub-matrix of 

Tlu-^u+s, where s is chosen so that its element becomes exactly ix'^. For 

example in (|6.7p . 

r3(i,i,.Tj) 

r2(l,2,-x3/2) 

We also use the similar notation £,„(i, zbxp. Now the result for Br is stated as 

Theorem 6.3 ([136]). For unrestricted T-system for Br, the following formula is 
valid: 

Tj:\u) = det(r2™-i(l,l,x^„,+i) +52™-i(l,2,a;':„+^_„+J) (1 < a < r), 
T^Hu) = (-l)'"(™-i)/2det(r™(l,2,-xri+i)+£-™(l,l,x':™^,)). 




r3(i,i,x}) = 



r2(i,2,-x3) 






1 



'-5/2 



6.3. Type Cr- Here we introduce the infinite dimensional matrix T by 



X' 



iii-je {l,0,...,l-r}. 



7lj^{-x^+' iH-je{-l-r,-2-r,...,-l-2r}, (6.9) 
otherwise. 
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For instance, for C2, it reads 



(4 


•^1/2 





■^3/2 


^2 


-1 








1 


xl 


•^3/2 





■^5/2 


-4 


-1 








1 


X2 


^2 
■^5/2 





■^7/2 




-1 








1 


4 


^2 
■^7/2 





"■^9/2 


~4 



\ '■ ■■) 

We keep the notation (|6.4p and Tm{i,j,±xl) (1 < a < r) as in Section Note 
that 7^(1,2,— is an anti-symmetric matrix for any m. 

Theorem 6.4 f |136j ). for unrestricted T-system for Cr, the following formula is 
valid: 

ri°)H = detr™(l,l,x»^, 1) (l<a<r), (6.10) 

rM(u) = (-i)™pfr2™(i,2,-x:„+i)- (6.11) 

As an additional result, we have the following relations. 

T^:\u - \)T^:;\u + i) = dctr2,„(i, i,a;:„+i), (6.12) 

T^^\u)T';2,i(.n) = dctr2,„+i(l,l,a;!:^). (6.13) 

If one extends the definition of x^, (j6.4p by x^. + x^^'^^"' = in accordance with 
(j9.3ip . then (j6.10p is identical with the result ((t?T|) for ^2^+1. 

As remarked in the end of Section ETTl the T-systems for B2 and C2 are equivalent 
by the interchange Tm\u) O Tm\u). Therefore Theorems 16 . 31 and 16 .41 supply these 
T-systems with two kinds of Jacobi-Trudi type formulas. 



6.4. Type Dr- Here we define the infinite dimensional matrices T and £ by 



/ 1^ + 1 

^ i+3 1 
2 ^ 



!-+2r-3 







if i e 2Z + 1 and %i e {1, 0, . . . , 3 - r}. 



if i e 2Z + 1 and ^ 
if i e 2Z + 1 and %i 



if i e 2Z + 1 and ^ e {1 
otherwise. 



r, -r, ...,3-2r}, 



(6.14) 



'±1 if i = j - 2 ± 2 and i e 2Z, 

x\^^ if i = j — 3 and i £ 2Z, 

^i-2 if * = i ^ 1 s-nd i G 2Z, 

, otherwise. 



3.15) 
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For instance for D4, they read 



{Tij)i,j>i 







u 


™2 
^1 




^3 
X2 


n 


X2 


,,2 

2-3 




n 
u 


™1 

X4 


n 

u 


1 \ 







































1 





4 









^,3 
X4 







X4 














































V 


























/o 





































1 







^3 
X2 


-1 































































1 


X2 





^3 
X4 


-1 













V 


















) 









We keep the notations (|6.4p . X„ (i. j. zfcxg) (1 < a < r-2) and 7^„(i,j, -xJJ), j, a:^) 



(a = r — 1, r) as in Section [6?2] 

Theorem 6.5 ( |136) ). For unrestricted T- system for Dr, the following formula is 
valid: 

Tj^\u) = det(r2™-i(l, l,x^„+i) +f2™-i(2,3,.T':„_,+,+4)) (1 < a < r - 2), 

(6.16) 

Ti'-i'Cri) = pf(r2„.(2,l,-x':;,i+i) +£2^(1,2, x:-;„Vi)). (6-17) 

T^H = (-irpf(r2™(l,2,-x1„+i) +£2™(2,l,x:„+i))- (6.18) 

The matrices in (|6.17p and (|6.18p are indeed anti-symmetric. The following 
relations also hold. 

T^-'Hu)t!^Hu) = i-ir det(r2„.(l, 1, + £2mi2, 2, x%^^,)) , 

T^~'\u + i)Tj^\u - 1) = (-1)'" det(r2™(i, 1, -.ti„) + £2^(2, 2, xr„U)). 

Ti7i^'(w)TW(w - 1) = (-1)"+! det(r2„+i(l, 1, -x1„^) + £2^+1(2, 2, a;1„)), 

Ti'-iH" + = (-1)'" det(r2™+i(2, 1, + 1, a:':„)). 

Theorems I6.3H531 can only be proved by using (|6.2p and the fact (pf)^ = det. 



6.5. Another Jacobi-Trudi type formula for Br- For Br and Dr, a variant of 
the Jacobi-Trudi type formula is known which has a quite similar structure to the 
Ar case. Compared with the rather sparse matrices T and £, the relevant matrices 
are dense and involve some auxiliary variables. Here we present the result for Br- 
The Dr case is similar although slightly more involved. 

Given T^^\u),. . . , t[^'^ (m) , we introduce the auxiliary variable T° (u) for all a G Z 

by 



T'^iu) 




a < 0, 
a = 0, 
Tl^'iu) l<a<r-l, 

T[''\u-r + a+^)T'f\u + r 



(6.19) 



for all a G 



(6.20) 



Recall that ta = 1 for a 7^ r and t,. = 2 for S,. according to (|2.ip . 
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Theorem 6.6 ( |137j ). For unrestricted T-system for Br, the following formula is 
valid: 

r£l(M) =det(T''+'-J(M + z+j-772-l))i<,-,<,„ (l<a<r), (6.21) 



p(0 

'-2m+ 



T[''\u-m) 



Tl''' (m - 771 + 2) r''(7l - 771 + 



(u — m + 



T[''\u + m) 



r+m — 2 



(71+1 



T'Xw + Tn- i) 



(6.22) 



where the matrix \6.22\) is of size tti + 1, its (i + l, 1) element is T^^\u — ttt, + 2i) 



and the rest has the same pattern as W.21\) for 7^2,'^j_,_2('^ 



6.6. Bibliographical notes. The formulas ()6.ip - ()6.3p for Aj. in Theorem 16 . 1 1 first 
appeared in |59j before the T-system was formulated. There, transfer matrices 
more general than Tm\u) were considered. Theorems 16. 31 - 15751 supplemented the 
determinant conjectures in [T] with PfafRans. A result for Dr analogous to Theorem 
6.61 is available in |138j . 

7. Tableau sum formula 



7.1. Type A,. Lct0^, 
Elti0„> then 



T['\u-l)Ti'\u + l)^Y.\^u-^ 



be variables depending on 7i. If we set t[^\u) 



+1 



(7.1) 



E 

a<h a>h 

where the both arrays of the boxes stand for the product. Comparing this with 



.+1 



the T-system relation T^^\u - 1)T^'' {u + 1) = T^'' (u) + T^^' (u), one may identify 
T2^\u) and T^'^\u) individually with the two terms in (j7.ip . and try to further 
establish similar formulas for higher (u) . Such a procedure leads to a solution 
of the T-system expressed as a sum of tableaux. In fact, if one forgets the spec- 
tral parameter u in (|7.ip . it can be viewed as the identity among Schur functions 
corresponding to the irreducible decomposition of the ^r-modules: 



.(1) 



(2), 



□ 



(7.2) 



In this sense the result presented in what follows for Ar is a deformation of the 
classical tableau sum formula for the Schur functions |135| . 

Consider the Young diagram (m") of a x m rectangular shape. Let Tab(77T.'') 
be the set of semistandard tableaux on (tti") with numbers {1, 2, . . . ,r + l}. The 
inscribed numbers are strictly increasing to the bottom and non-decreasing to the 
right. For example when r = 2, 



Tab(2) = { \TJT 
Tab(22) = I 



urn. nT3l, \2\2], \2\3] 



1 


1 


2 


2 



1 


1 


2 


3 



1 


1 


3 


3 



1 


2 


2 


3 



H 


2 


3 


3 



3T31 }, 

}■ 



2 


2 


3 


3 
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Note that Tab(m°) is empty for a > r + 1. We define 



^" = TT IT ^ fo"" ^ = fe) e Tab(m''), (7.3) 



where denotes the entry of the box in the ith row and the jth column from the 
top left. 

Theorem 7.1. 

Ti:Hu)= J2 Tu {l<a<r + l) (7.4) 

TeTab(m") 

is a solution of the T-system for Ar Ii2.5\} . 

We note that Tm~^'^\u) here is not just 1 but non trivially chosen as (|7.4p as 
opposed to the original definition of the T-system. However, Tab(m''+^) consists 
of a unique tableau; therefore, (|7.4p states that Tm~^^\u) is a monomial: 

m r+1 

-U^r'h'^ -m-l + 2j), Tr'\u) = n0«+.+2-2r (7-5) 

i=i 4=1 

Thus the situation Tm^^\u) = 1 can be restored if the variables . • ■ , r+1 

are chosen so as to satisfy the simple relation T^^^^\u) = 1. Theorem 1 7 . II yields 
the g-characters by the special choice 

a = ^a{u) (yo,," = Yr+i.,. = 1), (7.6) 

which indeed satisfies the condition Tm^^\u) = 1. The restriction (|4.22p - (|4.23p of 
the resulting g-character Tm\u) = XqiWm\u)) is given by 

resTj:\u) ^ xiVmuJ (7.7) 

in the notation of (|4.24p since the a x m rectangle Young diagram corresponds to 
the highest weight muja- 

In the rest of this section we shall present the tableau sum formulas for g = 
Br,Cr,Dr along the context of the q-charactcrs Tm\u) ~ Xq{Wm\u))- The con- 
tents cover all the fundamental ones T^^\u),...,T^''\u), which is enough in prin- 
ciple to determine all the higher ones Tj-n\u) due to Theorem SSI Some Tt\u) 
allowing a relatively simple description will also be included. 

7.2. Type Br- Let us introduce the index set and a total order on it as 

J = {l,2...,r,0,r,...,2,T}, l-< <r-<0-<r-< <T. (7.8) 

We introduce the variables corresponding to single box tableaux. 

Za{u) = Ya.q2^+2a-2Y~^^^^2u+2a (l < « < T " l), 



y^ ,j2u + 2r-3 Yj, q2u + 2r-lY^_^^^2u + 2r j 



Zo{u) = Fr,q2„ + 2r-li;^,2„ + 2.-3y ^^L + 2r-+li^^ ,j2„ + 2.-l, (7.9) 
Zip{'U>') l,g2u + 2T--2y, ^2u + 2t--1 ^ g2u + 2T-+l ; 

Za{u) = Ya_l^q2u+i^-2a-2Y^^^2u + 4r~2a < U < T ^ l) , 
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where YQ qk = 1. (zo(u) in pl427 of jl39j contains a misprint.) Consider the Young 
diagram (m") of a x m rectangular shape. Let Ta.h{Br,'rn°') be the set of tableaux 
on (m°) with entries from J. The letter S J inscribed on the ith row and the 
jth column from the top left corner should satisfy the following conditions for any 
adjacent pair: 

Uj ^ U,j+i and {tij,tij+i) ^ (0,0), 
Kj < U+i,j or itij,U+i,j) = (0,0). 

Given a tableau T ~ {ti.j) £ Tab(i3r, ?7i°) we set 



(7.10) 



r„ = n n (m + a - m + 2z + 2j). (7.11) 



This is an analog of the Ar case 
Theorem 7.2 ([1371 [68j)- The q- character T^^'fl^(u) = Xg(W^iri(M)) is given by 

T^:l{u)^ E ^« (l<a<r). (7.12) 

TeTab{Br,m'^) 

Recall that ta (|2.ip is 1 except t,. = 2 for B,.. The formula (|7.12p is related to 
(|6.2ip in a parallel way with the A^. case explained in the previous subsection. A 
similar result is available for the remaining case 

^2m+i(") based on (OD [TTTj . 
Theorem 1 7 . 21 follows by combining the facts that the RHS and the Tj^+iC'") satisfy 
the T-system |137] . g-characters also satisfy the T-system [B5], and the Tm\u) is 
uniquely determined by the T-system and t['^\u) {a £ I). See also |140| . 

Here we only give the formula for Ti^\u). It is known that the Uq{Br-^^ )-module 
Wi^\u) is isomorphic as a J7g(S,.)-module to the spin representation of the latter. 
Its weights are multiplicity-free and naturally labeled with the arrays (ai, . . . , cr^) € 
{±1}''. Accordingly we introduce 

r 

(^1, . . . , ar)u = n 0^^"""""^'^ , (7.13) 

a=l 

Pa = 2(cri H h a-a-i) + "'^ , = -o-,.. (7-14) 

Then we have 

E ('^i,---,^.).- (7-15) 

— ±1 

For r = 2, ^^'■^''(w) = Xg(VF;^'^''(M)) has been written down in Example 14.51 

7.3. Type Cr- Let us introduce the index set and a total order on it as 

J = {l,2...,r,r, ...,2,T}, 1 -< < r ^ r -< < T. (7.16) 

For 1 < a < r we set 

av o,g ^ a-l,(j2"+"i (7 17) 

2:a(w) = Ya-l,o2« + 2r-a + 2y"j2„ + 2^_„+3, 
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where Y^ qk = 1. Here we present the tableau sum formulas for Tm\u) and T^"''(u). 
Consider the Young diagram (m) with length m one row shape. Let Tab(Cr, {m)) 
be the set of tableaux on it with entries from J having the following form: 

2n 





h 






r 


r 




r 


r 


jl 







1 ^ ii -< 



^ik ^r, r ^ ji< ■ ■ ■ < j^^ 1. 



(7.18) 



Here k, I and n are any nonnegative integers satisfying k + 2n + I = m. Let those 
tableaux be denoted simply by the array of entries as (ii, . . . , j^) G J"^- Then we 
have 

(ii,...,i„)6Tab(Cr,(m)) k=l 

Consider the Young diagram (1") with length a one column shape. Let Tab(Cr, (1")) 
be the set of tableaux on it with entries from J. The letter S J inscribed on the 
fcth row from the top should satisfy the conditions: 



«1 -<•••-< «a, 

r + k — I > c for any k, I, c such that ik = c, ii = c. 
Denote such a tableau by the array {ii, . . . ,ia) E J". Then we have 

a+l-2fc. 



(7.20) 



E 



n 



(l<a<r). (7.21) 



(n,...,i„)GTab(C^,(l°)) '==1 



We note that Tm \u) and T^°'\u) are the simplest cases in that the tableau rules 
can actually be described just by arrays without introducing a tableau. 

7.4. Type Dr- Here we treat Tm\u) and the fundamental g-characters T^°'\u). 
Let us introduce the index set and a partial order on it as 



J = {1,2., 



,2,1}, 1^ 



-<r-l-<_-<r-l-< 
r 



-< 1, 



(7.22) 



where no order is assumed between r and r. For i E J, define Zi{u) by 
Za{u) = (1 < a < r - 2), 

Z-{u) = Yr^l^q^ + r-'lY^^^^^^, 



(7.23) 



2Y- 



(1 < a < r - 2), 



where Yr 



0,q'' 



1. 



Let Tab(£'r, {fn)) be the set of one row tableaux (ii, . . . , € J™ obeying the 
condition: 



Zl ^ • • • -< lr,i, 

r and r do not appear simultaneously. 



(7.24) 
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Then we have 

tS^Ku)= l[z^A^ + 2k~m-l). (7.25) 

(ii,...,i„)GTab(D^,(m)) k=l 

For 1 < a < r— 2, let Tab(I?r, (1")) be the set of one column tableaux {ii, . . . ,ia) € 
J° obeying the condition: 

ifc ^ ifc+i or {ik,ik+i) ^ {r,r) or (ife, ife+i) = (r, r) forl<A:<a-l. (7.26) 

Then we have 

a 

T^^^u)^ Yl Zi^{u + a + I - 2k) (l<a<r-2). (7.27) 

(ii,...,ia)eTab(Ll,.,(l<')) fc=l 

It is known that the ?75(-Dr^-')-modules Wi'^~'^\u) and Wi^\u) are isomorphic 
as C/g(iI'r)-modules to the spin representations of the latter. Their weights are 
multiplicity-free and naturally labeled with the arrays (cri, . . . ,ar) G {±1}''. Ac- 
cordingly we introduce 

ia^,...,ar)u={Yr,,^+^-.-..y^''^-'^-'^l[{Y,^^^^^^^ (7.28) 



a=l 




Ta-i + ^^^^ l<a<r-l, 
o'r-2 H 9 a = r. 



(7.29) 



It follows that 



(cTi, . . . , CTr-l, — 0-r)u = (o"! , . . . , CTr )u |y, „fc«-y ■ (7.30) 



We have 

ai .,...,ar — :tl (Ti ,. . .,(7,, — ± 1 

(Tl ■ ■ - (Ti- — — 1 (71 ■ ■ - (Tt- — 1 



(7.31) 



7.5. Bibliographical notes. Tableau sums in Theorems 17.11 and 17.21 were respec- 
tively given in [53] and |137j in the context of analytic Bethe ansatz for more general 
skew shape Young diagrams. A uniform proof of the equality between the Jacobi- 
Trudi type determinant and the tableau sum is available in [141] . For type Ar, see 
also |142| for an account from the viewpoint of Macdonald's ninth variation of Schur 
functions [143] . The tableau sums in Sections 17.31 and [7.4l first appeared in the ana- 
lytic Bethe ansatz [144] . The sums of the same structure are used in the deformed 
VK-algebras [145] . Tableau constructions of higher Tm\u) for Cr and Dr, which 
arc significantly more involved than Ar and Br , have been achieved in |146[ 1140] . 
In this section we have only treated the untwisted case Uq{g). For tableau sum 
formulas for T-systems in twisted case, see [T^ [T3| and reference therein. 

8. Analytic Bethe ansatz 

Let Tm\u) be the commuting transfer matrix of a solvable lattice model in the 
sense of Section [S] There is an empirical method called analytic Bethe ansatz to 
produce eigenvalues of Tm\u) in many cases. Those eigenvalue formulas possess a 
specific "dressed vacuum form" which necessarily satisfy the T-systcm in Remark 
12.71 with a nontrivial gm\u). Here we consider the Bethe equation and dressed 
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vacuum forms for general g and Tm (u), and reformulate the conventional analytic 
Bethc ansatz via its connection with (/-characters. 



8.1. Ai case. Consider the 6 vertex model (|3.H) . Here we employ the normaliza- 
tion 



1 



1 



1 2- 



■2 2- 



■2 1- 



■1 1- 



■2 2- 



1 



[2 + U]gl/2 



[2 



(8.1) 

which is obtained by dividing ((XT|) by _ and setting z = 9". For the 

definition of the symbol [u]q, see (|3.18p . Let Ti{u) be the transfer matrix (|3.1ip 
with m = 1 and wj = q"^ . Its eigenvalue (denoted by the same symbol) is given by 

El 



□ „ = <t>{u + 2) 



Q{u-l) 

Q{u + l) 



(f)iu[ 



Q{u + 3) 
Q{u + 1)' 



(8.2) 
(8.3) 



Here 0(w) = 



N 

■J = l 

u ~ u 



n 



V 



j]^i/2 and (5(u) = Qi{u) is called Baxter's Q-function 



jjqi/2 with ui, . . . , u„ determined from the Bethe equation 

0(mj- -I- 1) _ Q{uj + 2) 



1) 



0(wj - 2) 



(1 < j < n) 



(8.4) 



Here, n is the mmrber of down spins preserved under Ti(u). The factors (j){u + 2) 
and (t>{u) in (|8.3p are called vacuum parts in the sense that they are already present 
in the vacuum sector n = where Q{u) = 1. In fact, the vector 11 ... 1 is obviously 
the unique eigenvector with the vacuum eigenvalue: 



N 



21 



N 



V]]ql/2 = (t>{u + 2) + (f>{u). 



.5) 



The factors involving Q-functions in (|8.3p are called dress parts, and the eigenvalue 
formula of the form (|8.2p - (|8.3p is called a dressed vacuum form. The vacuum part 
is non-universal in that it is directly affected by the normalization of the Boltzmann 
weights (relevant R matrix) and also depends on the quantum space data such as 
inhomogeneity {vj} entering (j){u). On the other hand, the dress part encodes the 
structure of the auxiliary space essentially as we will see below. 

The dressed vacuum form has an apparent pole at u = ~1 + Uj because of 
Q{uj) = 0. The Bethe equation (|8.4p tells that it is actually spurious provided 
that Uj is distinct from the other roots. This is compatible with the property that 
eigenvalues of the transfer matrix are regular functions of u if the local Boltzmann 
weights are so. 

The analytic Bethe ansatz is a hypothesis that one can reverse these arguments 
to reproduce the eigenvalue formula from its characteristic properties bypassing the 
construction of eigenvectors. One starts with the ansatz dressed vacuum form with 
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the prescribed vacuum part 



Ti(u) = 4>{u + 2) 



Q{u + a) 



Q{u 



(8.6) 



Q{u + b) ' 'Q{u + d)' 

Then a, 6, c, d are determined by demanding that the pole-freeness is formally guar- 
anteed by the Bethc equation (|8.4p which one somehow admits from the onset. In 
the present example, this certainly fixes a, 6, c, d uniquely as in ()8.3|) . Further sup- 
plementary conditions may also be taken into account such as asymptotic behavior 
as \u\ — > oo and the symmetry under complex conjugation, etc. It is not known 
whether such a procedure indeed leads to the unique and correct eigenvalue formula 
in general. Instead we shall propose in Section [8.21 a constructive way of producing 
the dressed vacuum form for general Uq{Q) by utilizing g-characters. 

In the remainder of this subsection, we illustrate the simplest solution of the 
T-system for Ai in the dressed vacuum form. Although the result is obtainable by 
specializing the tableau sum formula (|7.3p . we re-derive it here for later convenience. 



For simplicity Tm^ (u) will be denoted by Tm{u). Then the product of 
as 



is written 



T,iu - miu + 1) = a^iH^+i + 



u+1 



lHu+l 



By (|8.3p . the last term becomes 0(u — l)4>{u + 3), which is independent of Qiu). 
Identifying the other three terms with T2(u), one has 

Ti{u - l)Ti{u + 1) = T2{u) + (j){u - l)(/)(u -t- 3), 

which is an affinization of the identity (doublet)^^ = (triplet) ® (singlet) depicted 
as (|7.2|) . It is easy to systematize this calculation to show that 



E 

l<ii<--<i„<2 



ii 


u—mA-1 


12 


li— m+3 


'^711 



u+m — 1 



is a solution of the unrestricted T-system for Ai on the eigenvalues: 

Tm{u- l)Tmiu+ 1) = Trn-liu)T,n+liu) + gm{u), 



gm{u) = Y\_ '^(" + 2fc - m)4>{u + 4 -I- 2A: - to). 



(8.7) 

(8.8) 
(8.9) 



fe=0 



Explicitly, (|8.7p reads as 



n '^("- 

k=l 



Q{u - ■m)Q{u + m + 2)(/)(u + to + 1 - 2j) 



Q{u + m- 2j)Q(u + 171 + 2-2]) 



(8.10) 



The summands in (|8.7p are naturally labeled with the semistandard tableaux of 
length m row shape (m) on numbers {1,2}. Note that 

gm{u - l).9m(w + 1) = 9rn-l{u)g,n+l{u) (8.11) 

is satisfied with gQ{u) = 1. Although the explicit form (|8.10p is not particularly 
more illuminating than (j8.7p . one can easily check that it is formally pole- free in 
the same manner as before thanks to the Bethe equation (|8.4p . Another way of 
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seeing this is of course by the Jacobi-Trudi type formula (|6.ip with r = 1 modified 
e.g. 



as T^^'in) = gi{u), e. 



Ti(m^2) 5i(it-l) 
1 Ti{u) gi{u + l) 

1 Ti(u + 2) 

Thus the polc-frecness of T,n{u) is an obvious corollary of that for Ti{u) 



8.2. Dressed vacuum form and q-characters. The analytic Bethe ansatz is ex- 
tended to the general Uq{Q) and further sharpened by a connection with the theory 
of g-characters. First we make a motive observation on the simplest example. Re- 
call the g-charactcr of Wi^\u), the "spin ^ representation" of Uq{A'"j^^) in Example 

an 

X,{wi'\u)) = Y^+Y~l {z = q-). (8.12) 

On the other hand, the dressed vacuum form (|8.2p -- (|8.3p of the 6- vertex model 
transfer matrix reads 

T«(.) = 0(. + 2)§|!i-l| + 0(.)g!i±||. (8.13) 
Q[u+1) Q[u + l) 



Upon substitution 



Y,. 



ri{u~l)Q{u~l) 
rj{u + l)Q{u+l)'- 



the g-character (|8.12p becomes 

riju - 1) Q{u - 1) rjju + 3) Q{u + 3) 

r]{u + l)Q{u+l) 'n{u + l)Q{u + l)' 
Thus the above substitution with the following overall renormalization 

cl^iu + 2) J) W ^ « = « + 2 r! + + 2 -!) TT^r-TTT 

T](u-1) Q{u+1) ri(u- 1) Q(u + 1) 

reproduces the dressed vacuum form ()8.13p if ri{u) is assumed to obey the difference 
equation 

+ 1) _ V{u - 2) 
(/.(w-l) ?;(w + 2)" ^ ■ ' 

Note that this equation has the form of the Bethc equation ([8.4^ : 

(t>{uj + 1) _ Q{u.j + 2) 
0(«, - 1) " Q{uj - 2) 

without the sign factor, and Q and Uj being replaced by ri~^ and %i, respectively. 
The same feature will be adopted in (|8.19p . The connection of (|8.12p and (|8.13p 
originates in the fact that the former is the g-character of w['^\u) which is the 
auxiliary space of the transfer matrix relevant to the latter. 

Now we generalize these observations to C/q(g). Consider the trigonometric vertex 
model associated with Uq{Q) under the periodic boundary condition. Let Tm\u) 
be the transfer matrix (|3.44p with the auxiliary space wiff' (u) and the quantum 
space W^l^\vi) wf^Hv^): 

^rn (") =Tr,^(»)(„) (^0,Ar {^^ / ^n) ■ ■ ■ Rq.i '{z/wi)j 

e End(M^i[i)(^'i) W^7\vn)), 
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where z = q*" , Wi = g*^* . Due to the Yang-Baxter equation, they are commutative, 
i.e. \rm^ (u\Tn^ (v)\ — 0. The problem is to find their joint spectrum. 

Let us construct a relevant dressed vacuum form Ai°^(u) for t/^V)- In the 
following, a simple identity 

A I _ TT /fc(M- («a|«fc)) / _ 

for any functions /i , . . . , will be useful. See (|2.ip and (|4.25p for the definitions 
of ta,t and Aa^z- First we introduce an "unnormalized" dressed vacuum form: 

A^^H") = X,(W^i?'(^)) with substitution F,,,*. ^ ^c(^ - ^ j ^^^^ ~ . (8.17) 

Let Ac^qti. be the result of the same substitution into A^^ ^t^ . By the definition we 
have 

Atf («) - I;„ + |)qj..4i (1 + E— ia, i„ 4-,„ j , (8^18) 

Here the factor (rjaQa)/ (VaQa) is the top term specified by (j4.2ip and (|8.17p . The 
appearance of A~]^t^ is due to Theorem 14.61 fl). As for the functions 771, . . . , 77^, we 
postulate, as the generalization of (|8.14p . the following difference equation 

where [u]p is defined in p.lSp . Then using (|8.16p and (|8.19l) wc find 

r]b{u - {aa\ab))Qb{u - {aa\ab)) 
^^-^ 776(u + {aa\aiy))Qb{u + {aa\ab)) 

r 

xt we adjust the 

Ws^\v) and write its unique diagonal matrix element between the tensor product 
of the highest weight vectors as 4'm'!'s{u — v). Namely, 



K<f- = n 



Next we adjust the overall normalization. Consider the R matrix on Wm\u) 



{u — v) — Boltzmann weight of the vertex miOa 



SUJb 

Now we define the normalized dressed vacuum form by 

/ N 



muja- 



.21) 



\{<t^t:sl\u^v,)\ ( l + ^monomial in i-^, 



^.22) 
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Besides the (in principle) known Boltzmann weights ?!>^°'fc' , this only contains the 
Q-fmictions Qi, . . . , Qr and the LHS of (|8TT9)) . 

Recall that the transfer matrices preserve the subspaces (sectors) of the quantum 
space specified by the weight. Let us parameterize the weight by the nonnegativc 
integers ni, . . . , as 

N r 



. Sk^rk - X! (8.23) 
where wi , . . . , cj^ denote the fundamental weights of g (j2.2p . Given Ua , we set 

Qaiu) = ll[u-ul%/. (8.24) 

by introducing the unknowns < a < r,l < j < Ua}- 

Conjecture 8.1. Let Tm\u) h8.15\) he the transfer matrix normalized as H8.21\ ). 
Then its eigenvalues in the sector 118. 23\) are given by the dressed vacuum form 
A^^(u) (8^2^, (K24^ with the numbers {u'f^\l < a < r, 1 < j < Ua} satisfying the 
Bethe equation: 

fc=i [Uj -Vk--^\t/2 b=iQb(Uj ~ {aa\ab}) 

rk=a 

Practically the results in Section [7] serve as a large input to the prescription 
(|8.17p to produce Am\u). The functions Qa{u) are called the (generalized) Baxter 
Q-functions. In view of Theorem 14.61 (2). we expect that their zeros, if in a generic 
position, do not cause a pole in Am'' [u) due to the Bethe equation. 

Let (C) be the product of the ath Drinfcld polynomial (|4.8|) for each component 
in the quantum space Wsl^\vi) ® ■ ■ ■ ® Wslf'\vN)'- 

N Sk N 

J'a(C) = n 11(1 - ^q*K+(-.+i-2.0Aj^^ j,^ ^ J2 Sk. (8.26) 

k=l i=l k=l 

We remark that the LHS of ()8.19p is expressed as 

rA,.=a 

which further becomes the LHS of the Bethe equation (|8.25p by the specialization 
u = M^"'' . This has formally the same form as (|4.7p . Note however that the quantum 

space Wsl^\vi)'^- ■ ■'^Wslf\vN) under consideration is not necessarily irreducible 
in general, and the above J'a(C) is the ath Drinfeld polynomial of its irreducible 
quotient containing the tensor product of the highest weight vectors. 

By the construction (|8.17p and Theorem 14. 8| the unnormalized dressed vacuum 
form Am\u) satisfies the unrestricted T-system for g. It follows that the normalized 
one Tm\u) = K^n {u) (|8.22p satisfies the modified T-system containing an extra 
factor ffmV) as (gSll): 

T^\u - ±)Ti^\u + ^) = T^Uu)T^U^) + gt\u)Mk'\u), 
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where the original T-system corresponds to gm\u) = 1 as in (|2.18p . The scalar 
factor ' (u) has the properties: 

(i) Apart from (a,TO,u), it only depends on the quantum space data 

(ii) It satisfies relation (12.23^ : 

9t\u- j^)gl^\u + ^) = .gi^ii(w)5|^|i(u). 

In fact this has been encountered for g = Ai in (|8.1ip . To derive these properties, 
note that the fusion construction implies that the diagonal element of the i?-matrix 
(jS:^ is factorized as 0^^;^^^) = i + {m + 1 - 2i)/ta). Thus the first 

relation in (|8.22p is written as 

A(^) (^.) = A(^) (.) n 7a + " I' ) ' (8-28) 



i=l 

N 



iM^'-P—^^ (8.29) 

In view of (|8.28p . replace Tm\u) in the original T-system with Tm\u) 01=1 la{u + 
(m + 1 — 2i)/ta). After removing the common factor, the result is indeed reduced 
to the form (P^^ with 



9: 



{u)=X{9[^\u+'^^^^y (8.30) 

i—1 

.gi")(u)=A-i|^^,^^,^(„) (z-g*"). (8.31) 

The property (ii) directly follows from (|8.30p without using the concrete form of 
g'f\u). The property (i) is essentially due to the remark after ()8.22p . In fact, it is 

attributed to g''^\u) ((OT|) . With regard to 7c(m) therein, (^^^'^(m - Wfc) in 
depends on the quantum space data only, and so does the contribution from rjc 
because of ((87T61) and ((8?T9)) . 

Remark 8.2. The transfer matrix (|8.15p can be generalized by the "magnetic 

field" as T^\u) = Tr^<^„,(^)(e«4X^'^"'^")(z/^«Ar) • • • <r^''"''^(^M)) with- 
out spoiling the commutativity and the T-system. Here % is any element in 
the Cartan subalgebra of Uq{Q) acting on the auxiliary space. The dressed vac- 
uum form for such Tm\u) is obtained by modifying the substitution (j8.17p into 
^c,9'" -> e"'=(^) ''''^''"Y!oi"lti - Accordingly i^.g*- (|8:20l) and the LHS of the 
Bcthe equation ()8.25p get multiplied by the extra factor e""'^'. 

8.3. RSOS models. We consider the spectrum of the transfer matrix Tm\u) (1 < 
m < tat) p.50p for the trigonometric level I RSOS models sketched in Section [3771 
{T^°'j{u) corresponds to a frozen model.) Conjecturally, it is covered by the dressed 
vacuum form in Remark 18.21 specialized along (i)-(iii) in what follows. 

(i) The parameter q entering through [w]^f/2 is set q = exp ^ t{e+hy) ) ' where 
is the dual Coxeter number of q (|2.3p . 

(ii) The integers ni, . . . , entering (|8.24p are fixed by demanding (|8.23p be 0, 
which is possible thanks to p.5ip . 



69 



(iii) The magnetic field is taken so tliat LodH) = '^'^^^^^^<=J^+p'> ^ where p = 
Sae/'^a and A is an element from Pp (|3.45p . 

Introduce the specialized g-charactcr Qto"* (A) := Xg(W^i"f ('"))|y j^^.e'^ccw) , where 
A-dependence enters through the above Ji. Then according to the conjecture in 
[H (A.8)-(A.9)], the relation Ubei Qfti^^)^"' = ^ ^^^'^^^ ^he quantity Q^^ = 
dim, res W^°'j in Section 114.61 is equal to Qm^ (0) in the notation here. The above 
relation is a generalization of Q['^\(0) = 1 in Section ri4. 61 

8.4. Bibliographical notes. The analytic Bethe ansatz was proposed in [5j by 
extracting the idea from Baxter's solution of the 8- vertex model [52]. It was applied 
systematically in [SHJ 11441 1137j to a wide class of solvable vertex models. Formula- 
tion of the Bethe equation by root system goes back, for instance, to [1471 \5^. A 
relation between dressed vacuum forms and g-characters similar to Section [8.21 has 
also been argued in (TQl section 6]. 



9. Wronskian type (Casoratian) formula 

Here we present the solution of the T-system for and in terms of Casora- 
tian (difference analog of Wronskian). It is most naturally done by introducing a 
difference analog of L-operators in soliton theory. It also provides a Casoratian in- 
terpretation and generalization of the Baxter Q-functions. Our description is along 
the context of (/-characters; hence, the identification of the variables 

Ya,,^- = n i A^ (9-1) 

is assumed. See (|8.17p . {t,ta are defined in ([2.1^ .) Resulting formulas can suitably 
be modified to fit transfer matrices with specific normalizations according to the 
argument in Section 18.21 We will also give analogous L-operators for , Dr and 
sl{r\s). 

9.1. Difference L operators. We treat the Ar case first as an illustration. Let 
D = e^"^" be the shift operator Df{u) = f{u + 2)D. Using Za{u) (|7.6p . we introduce 
the difference L operator: 

L{u) = (1 - Zr+i{u)D) ■■■{!- Z2iu)D){l - zi{u)D). (9.2) 

Expanding the product, one identifies the coefficients with m — 1 case of (|7.4p to 
find 

r+l 

Liu) = Y,i-^rTt\u + a-l)D% (9.3) 

a=0 

where T^'^^ = T^"^^^^ = 1. Thus L(u) is a generating function of the fundamental 
g-characters T^'^\u) = XqiW^'^\u)). 

Define the action of the screening operator Sa (|4.26[) on difference operators 
by Sa ■ (I]j/*(")^') = J2iiSa ■ fx{u))D\ Let us c alculate Sa ■ L{u) by using the 
factorized form (|9.2p . According to the rule (|4.26p . Sa acts non trivially only on 
the variable Ya^z- From (|7.6p . it is contained only in Za{u) and Za+i{u). The action 
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on this part is calculated as 

Sa ■ {I ~ Za+l{u)D){l - Za{u)D) 



gU 
-1 



where the last equality is due to (|4.27p and (|4.25p : 



a— l,q^ 



In this way one gets 

Sa ■ L{u) = (1 < a < r). (9.4) 

In view of (|9.3p . this offers a simple way of checking t[°'\u) G nb=i -'^'^^''^fc 
agreement with Theorem l4.6l f2). When r = 1, the change of variables from {^^(u)} 
to {t[°'\u)\ is a difference analog of the Miura transformation q = q{rL) f = 
f{u) = - duQ by 

(9n-<z)(9« + g)=52-/. 

With regard to the inverse 

L{u)-^ = (1 - zi{u)D)-\l - Z2{u)D)-^ • • • (1 - Zr+i{u)D)~^, 
the simple expansion formula 

L(u)-^ = T^\n + m - l)D^ (9.5) 

m>0 

holds due to (|7.4p . confirming similarly that Tm\u) g 01=1 KerS'f,. The product 
of ()9.3p and ()9.5p leads to the two types of TT-relations: 

^ {^irT[''\u + a)Ti^l,(u + m + a) = <5„o, 

0<a<inin(r+l,?Ti) 

^ (-l)-r('') (^. + m - a)TW - a) = 5™o 

0<a<min(r+l,m) 

for m > 0. 

9.2. Casoratian formula. Consider the linear difference equation on w^ii) 

L{u)w{u) = 0. (9.6) 

This is of order r + 1 with respect to D. Letting {wi{u), . . . , 'Wr+i{u)} be a basis 
of the solution, we denote the Casoratian by 

(wi{u + ii) ■■■ wi{u + ik)\ 
: : (9.7) 

wt,{u + ii) ■■■ Wk{u + ik)/ 

for 1 < fc < 7' + 1. Thus for example C„+2[*i, = Cm[*i + 2, . . . , ifc + 2]. By 

using (|9.3p . the relations L{u)wk{u) ~ with fc = 1, . . . , r + 1 are expressed in the 
matrix form: 



/ wi{u) \ 

W2{u) 






h2) wiiu + 

h2) W2{U + 


4) . 
4) . 


W2{u-+ 


2r + 2) \ 
2r + 2) 


\Wr+l{u)J 




\Wr+i(w - 


h 2) Wr+l(u 


+ 4) . 




+ 2r + 2)/ 



(-i)rp)(u + i) 
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where T^''^'^\u) = 1 in our normalization here (q-characters) as noted under (j7.6p . 
By Cramer's formula, we have 

Ti^^(. + a-l) = c.[2,...,2r + 2] (O^^^^^'^ + l), (9.8) 

where . . . signifies that the omitted arrays are consecutive with difference 2. The re- 
lation L{u)wk{u) = means that Wk[u+2r+2) — (— l)''wfe(u)-|-terms involving Wk{u+ 
2), . . . ,Wk{u + 2r). It follows the periodicity 

C„[0,2,...,2r] =C„+2[0,2,...,2r]. (9.9) 

Its actual value becomes important in physical applications, and the resulting rela- 
tion on C„[0, 2, . . . , 2r] is called the quantum Wronskian condition. See for example 

The solution to the T-system for Ar that matches (|9.8p is given by 
r„w , C,j0,...,2a-2,2a + 2m, ...,2r-|-2ml , 

Ci40, . . . , 2rJ 

(9.10) 

This satisfies the boundary conditions Tm\u) = Tq°'\u) = 1 and T^^{u) = 0. In 
fact, if (|9.10p is substituted into (|2.5p . the denominator can be removed as an overall 
factor owing to (|9.9p . Then (|2.5p is identified with a simplest Pliicker relation 

4"H")4"H« + 2) - + 2) - e^'HuKi^-'Hu + 2) = (9.11) 

among the determinant ^rn^ (u) — Cu[0, . . . ,2a — 2,2a + 2m, . . . ,2r + 2m] . 

The Casoratian formula (|9.10p is a Yang-Baxterization (u-dependent general- 
ization) of the Weyl character formula. To see this, recall the restriction map 
res (|4.23p . From ()7.6p we have res (za(w)) = Xa, where the latter is defined by 

= Ha/Va-i = e""^"""^ with ujf) = Wr+1 = 0. We extend res naturally to the 
difference L operator and the wave functions as 

rcsL(w) = (1 - .T^+iD) • • • (1 - ariD), ics {w,{u)) ^ x'''''^ . (9.12) 

The latter is certainly annihilated by the former. By using xi ■ ■ ■ Xr+i = 1, it is 
straightforward to see that the restriction of (|9.10p becomes 



res 



C„[0, . . . , 2a - 2, 2a -I- 2to, . . . , 2r + 2m] \ _ det(.T,^^+'^+^ ^') 



l<i,j<r+l 



Cu[Q,...,2r] J dct(x[+i-^)i<,.,<,+i ' 

(9.13) 

where (Aj) corresponds to the a x m rectangular Young diagram, namely, Xj = m 
if 1 < J < a and Xj = otherwise. The RHS is the Weyl character formula of the 
Schur function for (Xj) as is well known. 

The Casoratian formula here and the tableau sum formula (Section 17. ip are 
connected by the following general fact. 

Proposition 9.1 ( |142| ). Let Cu[ii, ■ ■ ■ ,ik] be as in |ff.7| ). (L{u)wj{u) = is not 
assumed.) Given even integers = io < «i < • • • < iN-i, 1st /i = (jij) be the Young 
diagram with depth less than N specified by fij = -^^^ + j ^ N . Take any d > 
Then 

C„[0, ii, 12, • ■ ■ , iw-i] -r-r ^ / I o I o« /f^ 

^ 11 XTia,i3)[u + 2a + 2/3 - A), 



C„+2d[0,2,...,2iV-2l ^ 
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where Xj{u) = p" [ 2 ' 4 ' ' ' 2 ^ (2"!^ ' ^ 2 j - 2 j '^^'^ sum '^■j- extends over the semis- 
tandard tableaux on the skew Young diagram {d^)/n [135] on letters {1,...,-/V}. 
T{a,l3) denotes the entry ofT at the ath row and the jSth column from the bottom 
left corner. 

According to Proposition 19. 1[ the RHS of (|9.10p equals the sum over semistan- 
dard tableaux on a x m Young diagram on letters {l,...,r + l}. The building 
block of the tableau variable Xj (u) is the principal minors of the Casoratian (quan- 
tum Wronskian) C„[0, 2, . . . , 2r]. Combined with (|9.6p . they are identified with the 
Baxter Q-functions as we will see in the next subsection. 

9.3. Q-functions. From the full L operator (|9.2p . we extract the partial ones by 
Lj{u) = {I- Zj{u)D)---{l- Z2iu)D){l- zi{u)D) (l<j<r + l). (9.14) 
The original one corresponds to Lr+i(w). By the definition we have 

KerLi(u) C KerL2(u) C • • • C KcrLr+i{u). (9.15) 
Choose the basis of Ker Lj {u) according to this flag structure as 

{Wl{u)} C {wi{u),W2iu)} C • • • C {Wl{u), . . . ,Wr+l{u)}. (9.16) 

As the simplest example, wi(u) G KcrLi(u) is the condition = (I — zi{u) D)wi{u) . 
In view of (|7.6p and (19. 7p . this is the j = 1 case of 

(l-y,-,„+.-ii?)C„[0,...,2j-2] = {l<j<r). (9.17) 

To derive this, note that a direct calculation using (|7.6|) leads to 

Lj{u) = 1 + {-iyYj^qu+,-iD^ + terms involving £), . . . , D^^^. 

Therefore Lj{u)wk{u) ~ {I < k < j) implies 

Yj^q^+j-iWk{u + 2j) = {-ly^'^Wkiu) + ^ Cj,l{u)Wk{u + 21), 

1=1 

where Cj.i{u) is independent of k. The second term in ()9.17|) is equal to 
Yjqu+j-iCul^T ■ ■ ,2] — 2,2j]. Applying the above relation to the last column of 
this, we find the result is equal to CijO, . . . ,2j — 2], hence (|9.17p . 

If we express the variable Ya.q" in g-charactcrs in terms of Q-functions as in 
(|9.ip . the solution of the first order difference equation (|9.17p is given by 

Cu[0,...,2j-2]=a,{u)Qj{u + j-2) {l<j<r), (9.18) 

where aj (u) is any variable satisfying aj {u+2) = Uj [u) . In this way, the Q-functions 
are identified with the principal minors of the Casoratian C„[0, . . . , 2r] „ made of 
the wave functions {wi{u)} especially chosen along the scheme (j9.16p . The simplest 
case j = 1 of (|9.18[) is wi{u) = <ti{u)Qi{u — 1). Thus L{u)wi{u) = is rephrased 
as 

r+l 

^(-1)^1^°^ (u + a)Qi{u + 2a) = 0, (9.19) 

a=0 

which is an example of TQ-rclations. 
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9.4. Backlund transformations. Here we remove the boundary condition Tq"' (u) 
Tj^\u) = 1 and redefine Tjn\u) in (|9J0)) and Qj{u) in (pl^ as 



2a - 2,2a + 2m, . . . ,2r + 2m] 



Tj^^\u + a + m - 2) = Cu[Q 
Qa{u + a-l) = C„[0,...,2a-2]. 

These functions are special cases of more general ones: 

Tt''\u + a + m~2) 

wi(u) ■■■ wi{u + 2a — 2) lui (li + 2a + 2m) 

Ws+i (u) • ■ • Ws+i (tt + 2a — 2) Ws+i (it + 2a + 2m) 
Wij(it) •■• lOij (m + 2a — 2) 

Q{ii,. + " ^ 1) = 



(9.20) 
(9.21) 



Wi^ (u) 



Wi^ {u + 2a — 2) 



wi {u + 2s + 2m) 
lUs+i (it + 2s + 2m) 

(9.22) 



where • • • in determinants signify that u increases by 2. T^'''\u) is defined for < 
a < s + 1,0 < s < r and m > 0. The set {ii, . . . , ia} is any subset of {1, . . . , r + 1}. 
By the definition, Tm'°'\u) = Tm\u) and Q{i,....a} (") = Qa{u). These functions 
obey various relations as the consequence of identities among determinants. Let us 
mention a few of them that have analogy with soliton theory. 

The symmetric group S^+i acts on the basis wi{u), . . . , Wr+iiu) as their permu- 
tations keeping L{u) invariant. This can be viewed as Backlund transformations 
generating the functions Q{i^^,,,^i^} from Qi, . . . , Qr+i- Its generator, the transposi- 
tion Sa of Wa(u) and Wa+i(u), acts trivially as Sa{Qb) ~ Qb for a> b and similarly 
as SaiQb) = —Qb for a < b. The nontrivial case Sa{Qa) = Q{i,...,a-i,a-i-i} satisfies 
the QQ-relation: 



DiQa)SaiQa) - QaDSa{Qa) + D{Qa-l)Qa+l = 0, 



(9.23) 



where the first term denotes Qaiu + 2)sa{Qa){u) for instance. This is derived by 
applying the Jacobi identity (|6.2p to the a,a + 1 rows and 1, a + 1 columns for the 
determinant of Qa+i- 

With regard to T^'°'\u), it is the T-function for ^^(C Ar). Writing t!,!'"'\u) 



and Tm (u) simply as T„i (u) and Tm (u), respectively, one can derive 

T(:\u)fjr'Hu - 1) = tl^~'\u - i)fW(«) + t!:Uu - i)f!:;i\u). 



(9.24) 



from the Pliickcr relation. This is a Backlund transformation between T-functions 
associated with Ag and A^-i. The T-system for Tm\u) arises as a compatibility 
of the two linear equations on Tm\u) [150j . For more examples, see [1511 1152[ 
11531 [13] and references therein. It is an open problem to construct such a Lax 
representation of the T-system for general g. 



9.5. Type Cr- Let D be the difference operator Df{u) = f{u + \)D. We use the 
variable Za{u) (a e J) ([7.17[) which are related to the Q-functions by ([9.ip . We also 
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introduce the variables xi(it), . . . , X2r+2{u) by 

Xaiu) = Za{u), X2r+3-a{u) ^ Za{u) {l<a<r), 

, , , , Qr{u+^)Qr{u+^^) (9.25) 

Note that Xr+i{u) and Xr+2{u) arc not contained in '^[Y^^]a£i^zec^ ■ With the 
notation 

n X, = XiX2---Xk, n ^» = ^fe---^2Xi, (9.26) 

l<i<fc l<j<fc 

the difference L-operator is 

Hu)= n {'^-Za{u)D)-{l~Zr{u)Zriu+l)D^)- [] {l-Za{u)D). (9.27) 

l<a<r l<a<r 

One can easily check Sa ■ L(u) = as in type A. The middle quadratic operator 
can be factorized as 

'••^^""-"^ -1 

= (1 ± x,+2(w)D)(l ± a;,+i(u)i?). 

Thus (|9.27p is expressed as 

i(^)= n (l--^»(")^): (9-28) 

l<i<2r+2 

which resembles curiously the A2r+i case rather than A2r-i- The operator L{u) 
generates each fundamental g-character "twice" . 



Theorem 9.2 ([139]). 



2r+2 



a=0 a=r+2 

where T^^^ = 1. 

From Theorem 19.21 and (|9.28p , we obtain another tableau sum formula for the 
fundamental g-characters: 

Ti"\u+^^)= J2 n^"=(" + "~^) (l<a<0- (9-29) 

l<'l< - <ia<2r+2 k=l 

Although this is formally the same form as ^2r+i case ()7.4p . the variable Xr+2{u) 
(j9.25p is "negative" here. It is highly nontrivial that the cancellation due to the sign 
yields the previous formula (|7.21l) described by the rule (|7.20p . which constitutes a 
substantial part of the proof of Theorem 19.21 On the other hand it is easy to sec 

Liu)-' = J2 T,[lHu + ^)^" (9-30) 

Hl>0 

from (f7l9ll . (17111 and 
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The rest of this subsection wiU be brief as the content is more or less parallel 
with A2r+i case. We formally extend the fundamental g-characters t|"''(m) to 
1 < a < 2r + 2 by 

Ti^°^(u) + rf''+^"°^(ii) ==0 (0<a<2r + 2). (9.31) 
Then Theorem 19.21 is rephrased as 

L{u) = £ {-irTi''\u + ^)D\ (9.32) 

a=0 

We consider the difference equation L{u)w{u) — and a basis of the solution 
{wi{u), . . . , W2r+2{u)} . With the same notation C„[ii, . . . , ik] as (|9.7p . we have the 
Casoratian formula 

„(rA, a— 1, C, [0, . . . , a — 1, a + 1, . . . , 2r + 21 

Tr\u+^)= ^^^^ ^ (0<a<2r + 2), (9.33) 

where . . . signifies that the omitted arrays are consecutive with difference 1. The 
denominator possesses the periodicity 

C„[0,l,...,2r + 1] =-C„+i[0,l,...,2r + l], (9.34) 

which is a Cr analog of the quantum Wronskian condition. 
Set 



(9.35) 



[u) = C„ [0, . . . , a - 1, a + m, . . . , 2r + 1 + m] , 
e(u) = C„[0,l,...,2r + l]. 

The solution of the unrestricted T-system for Cr that matches (|9.33p is given by 
Theorem 9.3 f |139| ). The following is a solution of the T-system for Cr- 





2 


-) 


r H 


h 2m 


- 1 




2 




r H 


h 2m 


- 1 




2 




r H 


- 2m 


- 1 



T};^\u-,^-±^)T^\u+^±^)^^^., 



As for the first three, there is an alternative expression derived by using the 
identity = (-1)"+"+''+^?^''^^""^ + a - r - 1). See Proposition 4.3 in 

[T39] for details. 

9.6. Type Br and Dr- Here we only give the L-operators and their expansions. 
Let D be the difference operator Df(u) = f{u + 2)D. We use the variables Za{u) for 
Br (|7.9p and (|7.23p which are related to the Q-function by (|9.ip . The difference 
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L-operators are 

Br-. L{u)= Yl {l-Za{u)D)-{l + zo{u)D)-^ ■ W {l-Za{u)D), (9.36) 

l<a<r l<a<r 

A-: L{u)= W {l-Za{u)D)-{l-Zr{u)Zr{u + i)D)-^ ■ [] {l-Za{u)D). 

l<a<r l^fi^"^ 

(9.37) 

One can check Sa ■ L{u) = by expanding the middle factor into a power series in 
D. Introduce the expansion coefhcients of L{u) as 

L(u) =^(-l)''T''(w + a-l)A, L(u)-i = ^ T,„(u + 77i- 1)1?". (9.38) 

a>0 ?ri>0 

They are related to the previous tableau constructions as follows: 
T„(u) ^ T^lHu) ^m\i for Br and (17:^ for A, 

r"(u) = T^^^V) ([71^ for Br, l<a<r and (jTTTfl) for 1 < a < r - 2. 

With the convention T°-{u) = for a < 0, the coefficient T°-{u) beyond these 
upper bound is characterized by the following relations with the g-characters of 
spin representations: 

Br-. T''{u)+T''"-%u)^T['\u+^-a)T['^\u-^+a), (9.39) 
Dr : T'^{u) + T'^"-\u) = T'f\u + ^ - a)T[''-'\u - ^ + a) 



- Tt'\n + ^ - a)Tt'^'\u - ^ + a). (9.40) 



Here a S Z is arbitrary and (5 = if a = r mod 2 and 5 = 1 otherwise, /i^ is the 
dual Coxeter number p.3p . i.e. /i^ = 2r — 1 for Br and ft,^ = 2r — 2 for Dr- In 



particular, one has r'-i(w) = Ti*''V)ri''' ^^(it) for Dr 



9.7. Type si(r|s). There are two kinds of roots, odd and even for the graded 
algebra sl{r\s). The choice of simple roots is not unique. The most standard one 
is called distinguished, where all roots but is even. Here we follow [19] and set 
I = {I,-- - ,r + s} = Ii UI2, Ii = {1,2,..., r}, I2 = {r+ + 2,..., r + s}, and 
assign the grading pa by Pa = 1 (—1) if a G Ii (I2). The Cartan matrix is expressed 
by the grading as 

{ak\aj) = {pk +Pk+i)5kj - Pk+iSk+i,j -~PkSk,j+i- 
Now the analog of (|7.6p is 
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where Sa ~ 'YTj=iPj ^'^'^ ^o,<j" = Yr+s,q^ = 1- Let D be the difference operator 
Df{u) = f{u + 2)D. Then the analog of (|93)) and (|93)) are given as 

OO 

(1 + Zr+s{u)DY-+' • • • (1 + zi{u)DY' = Y,T["\n + a~ 

a=0 



(1 - Z^{U)D)-P' • • • (1 - Z,+,(u)i?)-f'-+^ = 5] T,W(U + 771 - 

Example 9.4. 



CO 

E 

m=0 



, Pi 


==P2 


= -P3 = 1- 






{u) = 








iu) = 


Y2,z — ^1,29^^2,2 — ^I,zq3^2,2^2,zg2 H 


~ ^2, 2^2, 292, 


^1 






^ ^1,294-^2,25 






■^2,zg-i^2,zg^2,Z(j='- 





S/(2|1), Pl = -P2 =P3 1. 

^l^''('") = ^^l.zg-ill,2gl"2,2^ +^l,zg^2,2^ + ^1,Z9" ^ ^l.^<?^2,2g2 ^2,2^ ~ ^1. 29^2, 292 -^2,2^ ) 

H«) = n,2«-yi,2ri.,,.y2^i^_,r2:2', - ^i,.n,2,2r2:;V^^2:2V 

— 1^1 r/v — 2 11 2 11 r<y2 1^ _ 1 11) ^^H, s -j- 11 2 11 ^n2 11 — 1 11 ^^11 s • 

i,2g 1,2 i.zq 2,zq ^ 2,2g 2,2g^ -^'^ -"-^^9 2,2(y 2,2g 2,2g^ 

For the formulas for general case, see |1521 1153] , 

9.8. Bibliographical notes. The Casoratian solution (|9.10|) for A,- has been known 
in various contexts. For the T-system of transfer matrices, a slightly more general 
solution than p.20p was given in eq.(2.25) in |150| containing 2r + 2 arbitrary func- 
tions. It does not satisfy the natural boundary condition t1°''(m) = for fusion 
transfer matrices in general. As usual, such a "Dirichlet" condition halves the arbi- 
trary functions to . . . , which brings one back to (j9.20p . Casoratian 
solutions are known also for the restricted T-systems for jl24j and Cr [IZ]. 

The L-operator for type A has been studied from the viewpoint of difference 
analog of Drinfeld-Sokolov reduction |154] . The concrete forms for type BCD 
and their application to g-characters were given in |139j . Analogous difference L- 
operators for all the twisted cases except ' have been constructed in |155] . The 
results (|9.39p and (|9.40p are taken from Theorem 2.3 in |137j and Proposition 2.3 
in [138j . respectively. 

10. T-SYSTEM IN ODE 

T-system appears also in the connection problem of ID Schrodinger equation, 
which is a typical example of the ODE (ordinary differential equations) /IM (inte- 
grable models) correspondence. As a comprehensible review on the ODE/IM cor- 
respondence is already available in |149| . we only discuss the issue briefly in view 
of T-system. Wronskians appear naturally in the context of ODE. They will be 
shown to coincide with the analogous object, the Casoratian (|9.7p in the difference 
equation in Section |9l 
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10.1. Generalized Stokes multipliers - the 2nd order case. As the simplest 
example, we consider the ID Schrodinger equation on the real axis with a potential 
term: 

{-^+x^'')iix)=Ei^{x), (10.1) 

where M € Z>o. The boundary condition ip(±oo) = is imposed. We find it 
convenient to extend x into the complex planeo- 

Since the Schrodinger equation has the irregular singularity at oo, we expect a 
sudden change of tpi^) when crossing a border line of sectors defined below. This is 
called the Stokes phenomenon. The change is characterized by the Stokes multiplier 
Ti. Below we will introduce a set of generalized Stokes multipliers {Tj}'jt\ and show 
that they satisfy the level 2M restricted T-system for Ai. 

First, let Sj be a sector in the complex plane defined by 



JTT 

argx 



< 



2M 



M+1 

The sector Sq thus includes the positive real axis. We then introduce a solution 
(j){x, E) to (|10.ip which decays exponentially as x tends to oo inside Sq as 



(a:;,£;)~ ^-=^exp(-^— — ), x e 5o. (10.2) 



This is referred to as the subdominant solution. There should be another solution 
to (|10.ip which diverges exponentially in Sq as x tends to oo. We call it dominant. 
It is also represented by (j). To see this, note the invariance of (|10.1|) under the 
simultaneous transformations x — > q~^x and E —J- Eq^ , where q — cxp(jg^). We 
call this "discrete rotational symmetry" . We thus introduce yj ~ q^^'^4'{q^^ x, q^^ E) 
so that yo = <t>- The above observation tells that any yj is a solution to (jlQ.ip . 
Moreover, we can show that the pair (?/j,yj+i) forms the fundamental system of 
solutions (FSS) in Sj . This is easily seen by introducing the Wronskian matrix 
and the Wronskian W[yi,yj\: 

By using the asymptotic form (|10.2p . one can check W[yj, j/j+i] = 1, hence the pair 
{yj, yj+i) is independent. Thus, yo (equals to (jj) is the subdominant solution in So, 
while yi is a dominant one. 

We are interested in the relation among FSS in different sectors. Let us start 
from Sq and Si . Obviously y2 must be represented by the linear combination of yo 
and T/i as y2 = aoyo + oij/i- As W[yj,yjj^i] = 1 for any j, we find Oq = —1. The 
coefficient oi can be regarded as a function of E and we write it as ti{E) = ai, 
which is referred to as the Stokes multiplier. The result can be neatly represented 
in the matrix form 



$0 = $lA^l,0, Min 



Tl{E) 1 

-1 



The general adjacent FSS <f>j and arc connected by $j = '^j+iM.jj^ij, and 

the "discrete rotational symmetry" leads to M.jj^ij = A^LolB-s-Bq^j . Wc introduce 



20 



For a general reference to ODE in the complex domain, we recommend |156 | 
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the matrix connecting weh separated sectors 

$0 = $j Aij.o- (10.3) 
By the definition, the recursion relation 

Mj,a = Mj,iMi,o (10.4) 
holds. The solution to this takes the form 



Here Tj is the function uniquely determined from ri and the recursion relation 

r, iq^E)n {E) - T,+i {E)+T,^,{q^E) (10.6) 

with To{E) = 1. Wc set t_i(£') = so that this holds also at j ~ 0. In addition we 
have T2m{E) = 1,T2m+i{E) = as after 360° rotation, FSS must come coincide 
with the original one times (—1). (cf. |156[ (21.31)].) We call Tj [j > 2) generalized 
Stokes multipliers. The generalized Stokes multipliers satisfy the relation 

T,{E)T,{Eq^) = T,^,{Eq^)T,+,{E) + 1. (10.7) 

This is equivalent to det A^j^o = 1. It is shown either by (|10.3p or by induction on 
j using (|10.6p . See also the discussion in Section 110.31 Setting 

T, [u) = T, [Eq-^-^ ) , where = cxp ( 

we therefore have 

Proposition 10.1. {7}(u)} satisfy the level 2M restricted T-system for Ai 

T,{u + \)T,{u - 1) = T,-_i(u)T,+i(w) + 1 (j = 1, • • • , 2M), (10.8) 
where Tq{u) = 1 and T2m+i(u) ~ 0. 

Example 10.2. By piO|) . P^31) and dct A^^^o = 1- one has 

T,(i?) = W^[2/o,yj+i], 

where the RHS is independent of x. The consistency of T2a/ = 1 and t^m+i — with 
yiM+\ = —y-i and J/2A/+2 = —ya is reconfirmed. Relation (|10.7p is also re-derived 
from the simple identity among Wronskians [ya,yi3][y-y,ys] = [ya,y'y][yi3,ys] + [ya,ys][y 
by the specialization a = 0, /3 = j + 1, 7 = 1,5 = j + 2. Note W[yk,yk+i] = 1 for 
any k. 

10.2. Higher order ODE. One can extend the observation on the second order 
ODE to higher order case corresponding to g = [157[ I158[ I159i I160j . Consider 
a natural generalization of (jlO.ip : 

{-lY^^+x'y = Ey^V+^y. (10.9) 

Let q = e'^ with 9 = jq^rpj. The sector Sk is now defined by jargcc — k6\ < |. We 
pay attention to the solution 0(a;, A) in So which decays most rapidly as a; ^ 00 as 

0(.T, A) ^ Cx-'-^/(2'-+2) expf-— ) , = i±I±l. 

\ V J r + 1 

The normalization factor C will be determined later. As in the 2nd order ODE 

case, (|10.9p is invariant under x — > xq~^,E Eq^~^^. Thus in terms of A, yk = 

q''''/'^4>{xq'^^ ,\q'^) is also a solution to (|10.9p for any fc e Z. 
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The FSS in Sk consists of {yk, ■ 
skian matrix 

' Vk 



,yk+r)- It is convenient to introduce a Wron- 
Vk+i ■■■ Vk+r 



(10.10) 



Kd''yk d^yk+i ■■■ d^'yk+r, 
Wc write the determinant of a slightly more general matrix (for m < r) as 

W[yio,yi,,- ■ ■ ,yij = dot : : 

Due to (|10.9p . the Wronskians {m = r cases) are independent of x. In particular, 
the normalization constant C can be fixed so that dot $fe — W[yk, - ■ ■ , yk+r] = 1 
for any k. We introduce the connection matrix Aik+i,k by 

$fc = ^k+iMk+i,k- 



(10.11) 



It has the form 



rf'(A<?'=) 



M 



fe+i,fe 



1 
1 



r}''^(Ag'^') 
\T[''+'\Xq'') 





1 

0/ 



By using Cramer's formula, r'f'^Xq'') is expressed as the Wronskian 

T^^^Xq'") ^W[yk+i, - ■ ■ ,yk+a~i,yk,yk+a+i, - ■ ■ ,yfe+r+i]- 

Especially, one finds r}'^^^'' (Ag*^) = (—1)'^. We further introduce the generalized 
Stokes multipliers •* (A) for m > 2 by 

^mH-^) = W[yi,y2, ■ ■ ■ ya^l,yo,ya+7n,ya+7n+l ' ' ' 2/r+m] ■ (10.12) 

Note that m does not extend to infinity. Due to yr+i+e = {—Yvo, one has t^'^^{X) = 
0. This causes a truncation analogous to the level restriction in quantum group at 
root of unity. It is elementary to prove 

Proposition 10.3. The generalized Stokes multipliers Tm\x) satisfy the level £ 
restricted T-system for Ar 

rL'H^)r,^:H>^<}) = rii.Wrj^UM) + 4r'H^)rir'HM) (1 < a < r), 

where the boundary conditions are modified as Tm\X) — l,Tm^^''(A) = (—1)' and 
r(")(A) = (-l)"-i. 

Remark 10.4. One might expect that ■* (A) may appear in the generalized con- 
nection matrix A4k+m,k connecting ^k and ^k+m (w ^ 2). This is not the case. As 
the Schur functions, one can define generalized Stokes multipliers associated with 
(skew) Young tableaux of a general shape. Entries of Aik+m,k are generally identi- 
fied with such objects. Especially the (a, 1) component of Mk+m,k corresponds to 
the Young tableau of the hook shape of width m and height a. 
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10.3. Wronskian-Casoratian duality. The {i + 1, 1) clement from the matrix 
relation pim|) with fc reads d'yo = T[^\X)d'yi + ■■■ + r^''+^' (A)a'y^+i. Re- 
member that yk ~ (7'''^/^(/)(x(7^'^, Ag*^) involves x but t[°'\x) does not. Thus one 
obtains an x-independent relation by setting x = as 

aVoU=o = A^\x)d'y,U^o + ■■■ + A^+'\x)d'yr+iU=o (0 < z < r). (10.13) 

In view of yk = q'^^^'^4){xq~'' , Xq^), this has the same form as the difference equation 
(TQ-relation) with (US]): 

w{u) - t[''\u)w{u + 2) + • • • + {-IY+^t[''+^\u + r)w{u + 2r + 2) 0. (10.14) 

In fact, under the formal (ODE/IM) correspondence between the Stokes multipliers 
and the transfer matrix eigenvalues 

T[''\x) = {-lT-^T[''\u + a~l) (l<a<r + l), (10.15) 

the identification w{u + 2j) = d''yj\x=Q provides a solution to (|10.14p for any < 
i < r. The variables u and A are related so that the shift m — > u + 2 corresponds to 
A Xq. Now we are entitled to substitute 

w^{u + 2j)^^'-^yJ\x=o (l<«<r + l) (10.16) 
into the Casoratian C„ (|9.7p . The result is the equality 

W[y^, , . . . , J U=o = Cu[2ii, . . . , 2*,], (10.17) 
which we call the Wronskian-Casoratian duality. One can remove "|a;=o" when 
k = r + 1. Remember that in Section [97TU9.31 a variety of generalizations of T^^"' 
are expressed in terms of Casoratians C„. The relations ()10.15|) and p0.17|) enable 
us to import those results to establish a number of Wronskian formulas for the 
generalized Stokes multipliers. For example, the formula (|9.10p leads to (|10.12p . 

The Wronskian-Casoratian duality further provides the Stokes multipliers with 
dressed vacuum forms like the ones for in Section [51 Recall that Proposition IHH] 
expresses the Casoratians as the sums over semistandard tableaux like (skew) Schur 
functions. The variables attached to tableau letters are ratio of the principal minors 
of C„[0,2, . . . ,2r], namely Qa{u + a-l) = C„[0, . . . , 2a- 2] ((9?2T|) . which are called 
Baxter's Q-functions. Via the Wronskian-Casoratian duality, this is translated to 
a dressed vacuum form for Stokes multipliers. The tableau variables are ratio of 
W[yk+i, yk+2, ■ ■ ■ , yk+a]\x=o, which are to be identified with Baxter's Q-functions 
Qa(A(?""'"'^) in the present context. 

As explained in Section [HH] for Casoratians, the solutions wi, . . . , Wr+i to (|10.14p 
may be renumbered arbitrarily, and this freedom generates Backlund transforma- 
tions among Q-functions. Even more generally, one may consider arbitrary linear 
combinations of pO.lSp instead of (|10.16p as 

w^iu + 2j) = J2Arnd"yjU=o (l<^<r + l), (10.18) 

where {Ain)i<i<r+i.o<n<r is any invertible matrix. In the Wronskian language, 
this corresponds to identifying QalAg"^'^) with 

/a"i2/fe+i d^^yk+2 ■■■ d"^yk+a 
det(^i,„^.)i<j,j<adet : : 

0<ni<...<n„<r \d''-yk+l 9""yfc+2 ••• 9""2/fc+a 
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evaluated at x = 0. In this way the same Stokes multipher acquires a variety of 
representations . 

We note that in the simple cases like t[^\x), the recursion relation (see for 
example p^fT58] ) 

[yo,y2,- ■ -Vm] ^ [yo,y2, - ■ - ym^i] ^ [yo,yii - ■ ■ym-i][y2, - ■ ■ ,?/m] (1019) 
[yi,---,ym] [yi, • ■ ■ ,2/m-i] [yi,- ■ ■ ,ym][yi,- ■ ■ ,ym-i] 

is handy to derive the dressed vacuum forms without recourse to Proposition 19.11 
and the Wronskian-Casoratian duality (|10.17p . 



10.4. Bibliographical notes. The functional relations have appeared in ODE in 
the context of asymptotic analysis jl56j or of complex WKB method |161j . The 
connection to integrable models has been realized in |162j and the machineries of the 
latter have been applied since then |163[|164lll65j . The connection not only provides 
the information on Stokes multipliers but also solves the spectral problem of ODE. 
With an assumption on analyticity, one can transform (|10.8|) to the thermodynamic 
Bethe ansatz equation that describes a conformal field theory (GET) in the ground 
state. It provides a quantitative tool to obtain the eigenvalues of (jlO.ip . A more 
direct relation can be established between the spectral determinant associated to 
ODE and the vacuum expectation value of the Baxter's Q operator in GET [1641 

It is tempting to consider Schrodingcr operators with more general polynomial 
potentials. Although we can argue the algebraic part in an almost same manner, 
the problem with the analyticity defies most attempts up to now. The case with 
V{x) = ax^^^^ + x^^' is exceptionally treated nicely |166j . The underlying model 
seems to possess gl{2\l) symmetry. The fundamental reason why this symmetry 
appears remains to be clarified. This case seems interesting in its relation to VT 
symmetric quantum systems |167| and spontaneous breakdown of the symmetry 
[168] . The integro-differential systems corresponding to non exceptional classical 
Lie algebras in the similar sense are proposed in |169j . 

The role played by the excited states of GET is studied in |170j . The correspond- 
ing Schrodingcr operators with potentials possessing singularities are identified. A 
further argument from the viewpoint of the Langlands correspondence is given in 

m- 

In general, GETs are realized as scaling limits of lattice models. Then one 
may wonder if there exists an ODE which corresponds to a lattice model on a finite 
system. This is investigated in [17211173] for particular cases. As for generalizations 
related to massive deformations of GET, see [174[ 1175] . 



11. Applications in gauge/string theories 

The AdS/GET correspondence is a huge subject in theoretical and mathematical 
physics. Here we pick just two topics rather briefly, planar AdS/GET spectrum 
(Section lll.11111.4)) and area of minimal surface in AdS (Section lll.5H11.8)) . from the 
gauge and the string theory sides, respectively. These subjects have been growing 
rapidly during the last couple of years where some specific T and Y-systems have 
found notable applications. 
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11.1. Planar AdS/CFT spectrum. Recall the AdS5/CFT4 correspondence be- 
tween the type IIB superstring on the curved space time AdSs x and the large N 
conformal J\f = A super Yang-Mills (SYM) gauge theory in four dimensions on the 
boundary of AdSs |1761 11771 1178| . The correspondence implies that the energies 
of specific string states should coincide with anomalous scaling dimensions of local 
gauge invariant operators in the SYM. We call the sought common spectrum the 
planar AdS/CFT spectrum. 

To be concrete, let us consider simplest examples from the SYM side, linear 
combinations of single trace scalar operators without derivatives 

E.,...,,c*" -'"Tr (11.1) 

where $i (i = 1, ... ,6) denote the six scalar fields of A/" = 4 SYM in the adjoint 
representation of SU{N). They contain important examples like chiral primary and 
BMN operators |179| as special cases and form an interesting sector that are mixed 
only among themselves at one-loop renormalization. In fact, the last property re- 
duces the one-loop calculation of scaling dimensions of (jll.ip to the diagonalization 
of the Wilson matrix (§t^) consisting of the wave function renormalization factors 
Z = {Zij), where A is the UV cutoff. This problem turns out rather remarkably 
identical with a periodic spin chain of length L associated with rational R matrix 
for 50(6). Thus in the large L limit, one can evaluate, for example, the largest 
possible scaling dimension of ()ll.ip by the Bethe ansatz as |180j 

where A = Qyj^N is the 't Hooft coupling. One sees how the bare dimension L (1st 
term) acquires the anomalous correction. 

Although this is a one-loop pcrturbative approximation to the planar AdS/CFT 
spectrum in a very limited sector, the connection to the Bethe ansatz is a signal 
of the intcgrability of the full problem. In fact, this theme has been explored both 
from the gauge and string theory perspectives extensively by an enormous amount 
of works. We do not intend to cover them here but refer to the literatures that 
will be cited in the next subsection and [Hi [1801 [HIl [HI [HSl EM EM EM EM 
EM EM EM EM [HI] for example and references therein. See also [1931 [M] for 
earlier observations before AdS/CFT. 

11.2. T and Y-system for AdS5/CFT4. The planar AdS/CFT spectrum is 
accessible from the gauge theory side via an intcgrable long range quantum spin 
chain with PSU{2, 2|4) symmetry [195] . This is actually so at least asymptotically 
if the relevant quantum numbers like the bare scaling dimension are large enough. 
In the language of spin chains, such situations correspond to the thermodynamic 
limit where "impurities" (Bethe roots) are kept dilute. 

Complementally, the exact spectrum including "finite size effects" may be en- 
coded in some T and Y-systcms together with an appropriate, albeit highly elab- 
orate, analyticity inpull^a A candidate for such a Y-systcm has been proposed 
in [1961 11971 1198] based on the ground state TBA equation associated with the 
asymptotic Bethe ansatz (ABA) equation [1991 11951 1200] in the mirror form [201] . 

The underlying symmetry of the ABA equation is PSU{2, 2|4) [195] . Reflecting 
this fact, the Y-system in question contains two copies of the Y-systems for the 



Such features are illustrated along the elementary example of the XXZ chain in Section 1161 
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subgroup SU{2\2j£^ denoted by SU(2\2)l and SU{2\2)r. Apparently it takes the 
same form as type A case: 



(11.2) 



Ya+lAu)Ya-lAu) (1 + Ya+l,s{u)){l + >"a-l,.(u)) ' 

A peculiarity here is that Ya^s{u) is defined for those (a, s) that correspond to the 
black nodes in the following T-shaped fat hook: 

1 a 




0,-1 0,0 0,1 (11-3) 
The relevant T-system |197j is also formally of type A: 

where this time (a, s) ranges over black as well as red nodes in (|11.3p . The relation 
to the Y-system Ya^s{u) = j'''°~^(")t°+i^^(m) usual. The diagram ()11.3p is meant 
to capture the structure of the equations (|11.2I) and (|11.4| ^. 

Recall that the Y-systcm for Uq{sl{2\2)) in Section [2.61 involves the variables 
Ym"^ with (a, m) ranging over 7J2,2 (|2.39p which is an L-shaped "thin" hook. This 
and its copy are embedded into (|11.3p as Ya^m and Ya^-m- The extra variables 
^a,o('") on the middle vertical array (a,0)a>i are the carriers of the "momentum" 
(cf. (pTS]) ). The two wings s < and s > o"correspond to SU{2\2)l and 5C/(2|2)fl 
mentioned earlier. The range m S Z for the "fusion degree" or "string length" 
for Ta^m and Ya^m is a natural convention in those systems equipped with doubled 
symmetry, e.g. the 0(4) nonlinear sigma model {SU{2) principal chiral field) having 
the global SU{2)l x SU{2)r symmetry [202] . 

11.3. Formula for planar AdS/CFT spectrum. Now the planar AdS/CFT 
spectrum (with R-charge subtracted) is given in terms of the solutions to the Y- 
system in the previous subsection by the formula 

f:'.("«) + E/II^^'»(i + .r..w). (11.5) 

Here Kq is specified from the sector in question (see (|11.9p - (|11.10|) ') and ea{u) is 
defined by eJu) = a H — , ^'^j„ , , ^'^;„ , in terms of xiu) satisfying - = xiu) + 

x{u)~^ and \x{u ± y)I > 1- The parameter g is related to the 't Hooft coupling 
A by A = (Ang)'^. The above choice of the branch is called physical kinematics. 
On the other hand, e*(w) with a > 1 is defined by the same formula but with 



^2 It is essentially the Y-system for Uq{sl{2\2)) in Section [2^6] 



Another, yet more intrinsic way of encoding the Y-system together with the T-system is by 
the quiver in the cluster algebra formulation in Section 15.31 
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another branch called mirror kinematics (cf. |198| 1197] I192j ). The function Y*q{u) 
is defined by the mirror kinematics. Finally, the rapidities uoj are determined by 
the Bcthe equation 

>1,oKj) = -1 ij = l,...,Ko). (11.6) 

This description of the planar AdS/CFT spectrum has been claimed exact for any 
't Hooft coupling (i.e. to all loop orders) and operators of any finite L |197[ 1203] , 

11.4. Asymptotic Bethe ansatz. To be consistent with the ABA equation |195) . 
the Y-system (|11.2p should split into the left and right wings in the limit L ^ oo. 
Compatibly with this, the middle series should behave as 

y.>io(^)^ (^ ^("-f A '^j"~^j rf Au)T^i{n), (11.7) 

where is a function obeying the relation (|11.15p . The last two factors represent 
the T-functions for the decoupled SU{2\2)l and SU{2\2)ii. They are constructed 
from the a = 1 case [1^1 [22] in a way analogous to (|9.2p . (|9.3p and (|9.5p . Explicitly, 
the a = 1 case is given as the dressed vacuum form 

TL,B^ . ^ / Q±2(u-»)Q±3(»+§) g±2(^ + »)Q±l(»-i) 

4-\u^^)[ Q±2{u)Q±3iu~^) Q±2iu)Q±iiu + ^) 

- "(118) 
_ Rt\u-^)Q±3iu+^) _ 4+'(u+|)Q±i(7.-|) \ 

rI,+\u - ^)Q±3iu - i) B^-\u + |)Q±i(u + §) y ' 
where Qi{u) = Jlj^iC" ~ ^i.j)- In addition we introduce^ 

j,^^,)^yi'M_±mi, i,W(.)^n-(-)--("'-^-^^), (11.9) 

o ...^ _ -rr ^(^r; - ^K.) B(±)(,) = fr^M_L=£i^ (11.10) 

for —3 < / < 3. They arc factorized pieces of Qi{u) in that 

Ri{u)Bi{u) = (-<?)-^'Q,(u), R^^\u)b[^\u) = (-g)-^'Oz(^.± i). (11.11) 

The numbers Ki specify the relevant sectors. As usual in the analytic Bethe ansatz 
(cf. Section [S]), analyticity of T^'^i(u) leads to the equations 

, _Q±2{u±l,k + ^)B'^^\u±l,k) Q±2{u±3.k + ^)Rt\u±3,k) ^^^^2) 



Q±2(u±l,fc - t)Bo^-'(w±l,fc)' Q±2{u±3,k - 5)i?o^^(w±3,/c) 

Q±l{u±2.k ~ ^)Q±2{u±2,k + ■i)Q±3{u±2,k - \) 
Q±\{u±2.k + \)Q±2{U±2M - i)Q±3iu±2,k + |) 



The Bethe roots mi.j , n2,j , W3,j , '^o,^ i "-3,3 > "-2.j , and the T-functions _-^^,T^-^ 

here denote «iL,ji ii2L,j i '^SL.j i '^4,j i '^Sflj i 'i2flj i ,3 and ^I'li^i'i in 11971 . respectively. The 
notation for the Q-functions is also slightly modified accordingly. These Bethe roots further 
correspond to Jii j , ^2,3 , "3,j , " 4,j , "5,j , '^e.j 1 '^T.j in |195| . 
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In addition, the cyclicity of the single trace operator in SYM is to be reflected as the 
"zero momentum" condition TTS'i ^/""'^I*!?! = 1- Upon a convention adjustment, 
these relations coincide with the ABA equation in |195[ section 5.1] except the most 
complicated one 

S^+)i3li3-li?,3i?-3M+^)K.fe + i)„, ,2 

o(.wo,fej , itt-t4) 




4 ^SiS_ii?3i?-3/i?^^)Kfc- 

which involves the dressing factor a |200| via S{u) = Y\^li '^{^i'^)y^o,j)- The ABA 
equation (|11.14p is to be reproduced in the present scheme as the large L limit of 
the equation ([Tr^ . In view of T/'^^i(mo,,) = _ ^±^(""-^"+f ) and (jlTT)) . this amounts 
to postulating that (j) therein should satisfy the difference equation 

The asymptotics (|11.7p with pi.l5p specifics the large L solution of the Y-system. 

With regard to the finite L effects, the above formulation reproduces wrapping 
corrections at weak coupling for twist two operators obtained by other methods 
such as the Liischer formula. For instance in the case of the Konishi operator 
Tt{D^Z-^ — DZDZ), one gets the scaUng dimension from ABA as i?ABA = 4 + 
12g2 _ 48g4 + 3365^ - (2820 + 288C(3))g^ The above Y-system approach yields the 
result i^ABA+i^wrapping with the correction i?wrapping = (324-|-864C(3)-1440C(5))g® 
starting at four- loop in agreement with |192| . 



II. 5. Area of minimal surface in AdS. Now we turn to the second topic of this 
section. The T and Y-systems play an essential role in calculating the action of 
classical open string solutions, i.e. the area of minimal surface, in AdS space. Via 
the AdS/CFT correspondence, this yields the planar amplitudes of gluon scattering 
in A/" = 4 SYM at strong coupling. The gluon momenta are incorporated in null 
polygonal configurations at the AdS boundary. The first important step in this 
problem is to linearize the equation of motion of the AdS sigma model (Section 

III. 5p . Once this is achieved, the T and Y-systems come into the game naturally 
through the Stokes phenomena of the auxiliary linear problem around the irregular 
singularity at the boundary of the worldsheet (Section 111. 6p . This part is close in 
spirit to Section 110.11 Extra complication can occur when passing to the TBA- 
type nonlinear integral equations most typically due to the complex nature of the 
driving terms ( "complex mass" appearing in asymptotics of Y- functions) . They are 
determined by period integrals of the Riemann surface reflecting the null polygonal 
boundary and the cross ratios of gluon momenta. The regularized area is formally 
expressed in the same form as the free energy in the conventional TBA analysis 
(Section Ill.Sp . Sections lll.5Hll.8l arc quick digest of these recent progress [2041 
12051 12061 1207] along a simple version of AdSa. 

The AdSs is given in terms of the global coordinate Y = (y_i, Fq, ^i, ^^2) G M^'^ 

as 



Y -Y := -Y\ - Y^ + Y^ + Y^ = -1. 



(11.16) 
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General product A ■ B in M^'^ is defined similarly with the signature —1,-1,1,1. 
The equation of motion and the Virasoro constraint read 

ddY - {dY ■ dY)Y ==0, dY ■ dY = dY ■ dY ^ 0, (11-17) 

where d = -§^,d ~ and z is a complex coordinate parameterizing the worldsheet. 
This classical motion of strings in AdS^ is integrable. In fact, it is transformed to a 
Z2-projected SU{2) Hitchin system through a Pohlmeyer type reduction |2081I209] . 
To see this, introduce the new variables a and p by 

g2a(.,.-) ^ ^Qf . Na = ^eabcdY'dY-BY", (11.18) 

p=^N-d'^Y, p^-^N-B^Y. (11.19) 

Note that N ■ Y ^ N ■ dY ^ N ■ dY ^ and N ■ N = 1. The variable a = a{z, z) 
is real and N is pure imaginary. Moreover it can be shown from (|11.16p - (|11.19p 
that p = p{z) is holomorphic. The area is given by 4 / d^ze^". The a satisfies the 
sinh-Gordon equation modified with p as dda — e^" + |p(z)pe^^" = 0. As this 
fact indicates, the equations (|11.17p are expressible as the fiatness condition of the 
connections: 

dB^ - dB^ + [B^,B^] = 0, SBf - dBf + [Sf , ] ^ 0, (11.20) 
where the connections are given by 
B^^B,{1), B^^B-,{\), Bf^UB,it)U-\ B^ ^UBS)U'\ (11.21) 

with U = \ -^T^ii^ Q I • Here C is the spectral parameter. Actually the re- 
lation dB^{Q - aS^C) + {Bz{Q-,BfXQ\ = including C is satisfied. Splitting 
the connection into ^ dependent part and the rest as i?z(C) = ■^z + C^^^'^ a-nd 
Bz{C) = Az + C^z, one finds that the flatness conditions form the Hitchin system 
with gauge field A and Higgs field <&. The gauge group is SU{2) but the system 
is Z2-projected in the sense that the above form (|11.22p belongs to the invariant 
subspace under the involution Az a^AzCr^, ^z —a^^zC^ and similarly for Az 
and {a^ is a Pauli matrix.) 

With each zero curvature condition in (|11.20p . there is associated a pair of auxil- 
iary linear problems whose compatibility yields it. Thanks to the relations (|11.21l) . 
one can combine and promote them into the ^-dependent versions {d + Bz{Q))ili = 
and {d + Bz{C))'4' = or equivalently, 

+ ^^+A + C<P-zdzj'iP = (11.23) 

with A = Azdz + Agdz for ip = ip{z,z-X). A useful property is that if '0(C) is a flat 
section with spectral parameter C, then so is a^'ip{e^'^(^) by the Z2-symmetry. 

Given two solutions to (|11.23p . define their S'L(2)-invariant pairing as 

{ip,^p') = e^^tpatp'p, where tp = (V^i, "02)"^, etc. This is a constant function on 
the worldsheet playing the role analogous to Wronskians in Section [TOl Let = 
(V'l'.ai V'l'.a)"^ {'^ — 1>2) be the two solutions ^(z,z, C = l) normalized as {ipaji'b) = 
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eab- Fix also the solutions V'l^ = {ipi'ai '^2dY' ^ ^^ 2) which are similarly normal- 
ized at ^ = i. Then the original AdS^ coordinate Y — ^ij ^2) is reproduced 
from the auxiliary linear problem by 

^i-y.) + (11-24) 

This substantially achieves the linearization of the problem. 

11.6. Stokes phenomena, T and Y-system. Scattering amplitudes for 2n glu- 
ons correspond to open string solutions having polygonal shapes with 2n cusps at 
the AdS^ boundary. This translates to the following boundary condition: 

a — > — In [z — > 00), p{z) = z"~'^ + • • • (polynomial of degree n — 2). 

(11.25) 

We assume that n is odd for simplicity. From (|11.22p . solutions of the auxiliary 
linear problem (|11.23p as |z| — ?> 00 behave as 

^ ^ (ib/#) l^^'^'^J v^^^") ■ (11-26) 

Since exp(i / ^/vdz) ^ exp(2-^) holds asymptotically, there are n Stokes sectors 
which are separated by n rays in the z plane. We label them consecutively anti- 
clockwise. 

Let Sfc(C) be the small (subdominant in the terminology of Section [TU]) solution 
in the fcth Stokes sector. Then we have the properties like cr^Sfc(e'^*^) cx Sfe+i(C), 
Sfc(e^"C) « Sfe+2(C) and (sj,Sfc)(e"C) = (sj+i, Sfe+i)(C)- Fixing the small solution 
si(C) in the first Stokes sector, we define the others by Sfc+i(C) = (cr'^)'^si(e'^'^'C)- 

Set Tfc(C) = (so, Sfc+i)(e-'^'('=+i)/2(^) in the normalization (s„ Sj+i)(C) = 1. Then 
from the simplest Pliicker relation or Schouten identity (si, Sj) (sfc, si)'-{si, Sk) {sj, si)- 
{si, si){sj, Sk) = 0, one finds 

rfc(e^C)rfc(e"^C) = r,_i(C)T,+i(C) + 1. (11.27) 

This is a version of the level n — 2 restricted T-systcm for A\ where the conditions 
ro(C) = 1 and T„_i(C) = are imposetfl. Setting further 1^(0 = Tfc_i(C)Tfc+i(C) 
as usual, one gets the level n — 2 restricted Y-system (for Y^ ^-variables in (|2.1ip ') 

yfe(e'S'C)>^fc(e-'S^C) = (l + i"fe-i(C))(l + n+i(C)) (11.28) 
with the boundary condition Yo(C) = Y„_2(C) = in the fc direction. 

11.7. Asymptotics, WKB and TBA. As is well known, the relation (|11.28p 
determines the Y-functions effectively only with the information on their analyticity. 
By the definition, Yfc(C)'s are analytic away from = where they possess 
essential singularities. One can deduce the asymptotic behavior around them using 
the WKB approximation regarding as the Planck constant. For example when 
C 0, the solutions of (|11.23|) . after a simple similarity transformation making 
$2 into .^diag(l, — 1), behave as exp(±i J^/pdz) times constant vectors. Thus 
they are well approximated by performing the integral along the Stokes (steepest 
descent) lines defined by ^m{^y^p{z)dz/C,) = 0. At a generic point in the z plane, 
there is one Stokes line passing through it. Exceptions are zeros of p{z) (turning 



^^The latter is a slightly weaker condition than Tn-2(C) = 1 in the definition of Section 12.21 
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points). From a single zero, there emanate three Stokes lines. They go toward 
infinity along certain directions corresponding to Stokes sectors or flow into another 
turning point. The family of these infinitely many non-crossing lines constitute the 
WKB fohations. See Figure 3. 




Figure 3. Example of Stokes lines for p{z) — z{z'^ — ~ 4). 

The left and right figures correspond to arg(C) = and ^j, re- 
spectively. Blue lines are those emanating from turning points. 
The number k specifies the Stokes sector where is small. For 
example. (si,S2) ^ Gxp(— ^ J^^ ^dz). The integral J ^ypdz along 
the red lines anticlockwise yields asymptotics of In 12(C) as C 0. 



First consider the case in which the zeros of p{z) are aligned on the real axis. 
Then one obtains the estimate like (si,S2) c^P(~/ci Vp^^/O- Therefore the 
Y- variables (without the normalization constraint on Si) 



V t/-\ (g-fc,gfc)(g-fc-l,5fc+l) 

>2fc-Hi(C) = 7 TT r(e 2 C) 



(11.29) 



have the asymptotics 

\^YM-^ + --- . lny2fe+i(C)^^^ + --- (C^O), (11.30) 

where = — ^/p dz is the period integral along the cycle 7fc going around the 
fcth and (fc + l)st largest zeros of p{z) (cf. Fig. 5 in [206] ). The asymptotics as 
C — >■ 00 is similarly investigated. Together with the C ~^ case, the result is summa- 
rized as In Yk[e^) ~ —ink cosh0+ • • • (0 — > ±00), where m-ik = —2^2^ and TO2fc+i = 
2iZ2k+i are both positive. Now that the combination ln(yfe(e^)/e~'"''" '^°^'^^) is an- 
alytic in the strip |3m6'| < ^ and decays as \9\ 00 within it, the standard 
argument leads to the integral equation: 

J_oo 27rcosh(t^ — C^') 

for 1 < /c < n — 3 (Vo(C) = ^n-2(C) = 0). Up to the driving (mass) term, this has 
the same form with the integral equation in TEA or QTM analyses associated with 
the level n — 2 restricted Y-system for Ai. See for example (|15.14p and (|16.28|) . 

So far, we have considered the case where the zeros of p{z) are on the real 
axis. When they deviate from it, the T and Y-system remain unchanged. On the 



90 



other hand, the asyniptotics is modified as InYfe(C) ^ (C ^ 0) and InYfc(C) ~ 
~^C(C ~^ oo), where = |TOfe|e*''"' is complex in general. Consequently, the 
integral equation (|11.3ip is replaced with 

J _^2TTCOsh{9 -6' + iLpk-iipj) 

J — K± i 

where Yfc(e^) = yfe(e^+''^'=). This holds for \ipk - ^Pk±i\ < f • If the phases go 
beyond this range (so-called wall crossing), the integral equation acquires extra 
terms corresponding to the contributions of the poles from the convolution kernel. 
A simple illustration of such a situation has been given in [2061 appendix B] . 

11.8. Area and free energy. The interesting part A of the area is given bj0 
J J jk=l •''ii -^Tfc 

(11.33) 

where the gauge $2 = .y/pdiag(l, — 1) is taken and Tr$j — is used. In the 
last equality we have dropped the contribution from infinity. The matrix (wjk) is 
the inverse of the intersection formj^ ((7ij7fe)) specified by (72fe,72fc±i) = 1- Set 
^2fc(C) = ^2fc(C) and y2fc+i(C) = ^2fc+i(e"^C) somehow reconciling the shift in 
(|11.29p . The factor ^l^dz in (|11.33p also appears as the coefficient of —( in the 

small C expansion of In Yfe(C) based on the perturbative solution of (|11.23p . On the 
other hand, the small C ^ expansion of (|11.32p gives 

iny,(c) = y + C + E / ^ + ^^(C))] + • • • , (11-34) 

where the appearance of (7fc, 7j) is the effect of using Yk{() rather than ^^(C)- Thus 
one can substitute <f ^l^dz in (|11.33p by [. . .] here times (—1). As the result the 
area is expressed a.s A = Apoiiods + ^fioc with 

^period. = ^iJ^WlkZkZj, A^,33 = -^E^fe/ TjMl +n-(C))- (11-35) 

j,k k 

Actually one should replace Af^.^^ by the average Afrco taking the contribution from 
large ^ into account. Thus the final result reads A = ^periods + ^frcc with 

/oo in 
— cosh(?ln(l + yfe(e«)) (11.36) 
^'^ 

in terms of Yfe(e^) defined after (|11.32p . This has the same form as the free energy 
in the conventional TBA. See for example (|15.15p . 

To summarize, the symmetry aspects of the problem (AdS, Virasoro constraints, 
null-cusp boundary) are incorporated into the restricted T and Y-systems. Then, 
all the dynamical information (gluon momenta, Riemann surface, cycles) are re- 
markably integrated in the "complex mass" parameters mi, . . . , m„_3. 



2^ Our here is l>z in [206] , 

^^The inverse exists under our assumption of n being odd. The intersection form ( , ) here 
should not be confused with the 5L(2)-invariant pairing of spinors. 
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11.9. Bibliographical notes. The subjects in this section are currently in the 
course of rapid development. For various aspects of the planar AdS/CFT spectrum, 
sec the literatures given in the end of Section 111.11 and reference therein. We have 
only dealt with the limited issues related to T and Y-systems. The contents in 
Section fl 1 . 2H1 1 .41 are mainly based on |197j . For numerical studies, it is important 
to formulate the analyticity precisely and to derive the TEA (or other type of) 
integral equations including excited states. We refer to |196l 1197] I198| [2031 1210| for 
this problem. Similar analyses have been made in |2111l212ll213j for the AdS4/CFT3 
duality proposed recently |214j . 

Calculation of gluon scattering amplitudes at strong coupling using gauge/string 
duality was initiated in |204j and developed in a series of works |205| I215|. I206| I207[ 
I216|, 1217] . For classical integrability of AdS sigma models and their connection to 
Hitchin system, see also |218j . Auxiliary linear problem in Section 111.71 is a special 
case of that for general SU{2) Hitchin system |219) . where a number of aspects in 
the Riemann-Hilbert problem have been discussed including WKB triangulations, 
the Fock-Goncharov coordinates, the Kontsevich-Soibelman wall-crossing formula, 
TB A and so forth. The contents of Section lll.5Hll.8l are mainly taken from [206) . 
We have treated n (number of gluons) odd case. For the case n even, see |2161I217] . 
In [217] . further effect of operator insertion is studied, and the (slightly deformed) 
level 2 restricted Y-system for D„ has been obtained. For a similar appearance of 
the D type Y-system in Ai related lattice models, see Remark [16.8l The generalized 
sinh-Gordon equation has also been studied in the context of generalized ODE/IM 
correspondence in |175j . 

12. Aspects as classical integrable system 

Besides the quantum integrable systems, T and Y-systems also have interest- 
ing aspects as classical nonlinear difference equations. For instance, the T-systcm 
relation p.5|) is presented in the form 

Tir23 - r2r3i + T3T12 = (12-1) 

with a suitable redefinition up to the boundary condition. Here the indices signify 
a shift of the independent vector variable in the respective directions (r^ = Tji). 
This is a version of Hirota-Miwa equation on tau functions in the theory of discrete 
KP equations |2201 12211 12221 1223j . A simplest account for its integrability is the 
Lax representation, namely, the compatibility of the linear system: 

^,-^, = ^'0 (Kj). 

The Hirota-Miwa equation serves as a master equation generating a variety of 
soliton equations under suitable specializations and boundary conditions. See for 
instance |222[ 12241 1225] . Apart from this, there are numerous aspects in type A 
T-system, sometimes called octahedron recurrence, related to discrete geometry 
|226[ 12271 1228] , Littlewood- Richardson rule j229| , perfect matchings and partition 
functions on a network j2301 1231j and so forth. For types other than A however, 
such results are relatively few. 

Our presentation in this section is necessarily selective. In Section 112.11 we ex- 
plain that the T-system for g is a discretized Toda field equation that has decent 
continuous limits with a known Hamiltonian structure. In Section 112.21 a connec- 
tion of the Y-system for Aoo with discrete geometry is reviewed. 
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12.1. Continuum limit. We present a simple continuous limit of the T-system for 
general g known as the lattice Toda field equation |232| . It is a difference-differential 
system containing continuous time and discrete space variables. Further continuous 
limit on the latter yields the Toda field equation on (1 + l)-dimensional continuous 
spacetime [233]. 

We begin by making a slight change of variables in the T-system as 



Tj^)[u) :^Ta{u+—,s + e—) (1 < a < r,M e Z/t,m e Z). (12.2) 

Here e is a small parameter and s is going to be the continuous time variable 
soon. For the symbols t,ta and root system data, see around p.ip . We substitute 



(112:21) into the T-system T^\u - j^)Tr^n\u + ^) - T^IAu)T^I^{u) = 

grn {u)Mm\u) with m S taZ. For each g of rank r there are r such equations. 
(The case m ^ t^Z leads to the same continuum limit as the one considered in the 
following.) For example, the B2 case reads 

Ti(n — 1, s)Ti{n + 1, s) — ri(rt — 1, s — e)ri(n + 1, s + e) = 51X2(71, s), 

Ti{n - i,s)ri(n + i,.s) - Ti(n - 5,5 - §)Ti(r7, + i,.s + |) = g2Ti{n - \,s)Ti{n + i,s), 

where we have chosen ga = gi'^mi''^) to be a constant. We take the continuum 
limit in the time variable s keeping n € Z/i as the coordinate of a one dimensional 
lattice without boundary. Namely, we replace ga by ega/ta and set e — >■ 0. The 
result reads 

DsTi[n - 1) • Ti(n + 1) = ,9iT2(n), 

DsT2{n'- i) • T2{n- i) = g2Ti{n - ^)ri(n+ i). 

Here we suppressed the time dependence as Ta{n) = Ta{n,s), which we shall also 
do in the remainder of this subsection. Dg denotes the Hirota derivative: 

Dsj ■ g = -T-g - /tt- 

OS OS 

Similarly, the general q case is given by 

DsTa{7l - j^) ■ Tain + J^) ^ gaMa{n), 

Main) := Y[ '^bin) J| nin - \) ■ nin + \) J]^ Tb(ri - |)rb(n)rb(n -f |), 

b:Cc,b = -l b:Cah = -'2 b:C„b=-3 

(12.3) 

where n € Z/t. We call this the lattice Toda field equation for g. In some case, 
it actually splits into disjoint sectors. For instance in types ADE, one has ta = 
t = 1 for any a € I, hence (|12.3p closes among {ra(n)| a G or {Tain)\ a € 

/(_i)n+i}, where I± is the bipartite decomposition of the Dynkin diagram nodes 
/ = {l,...,r} = /+U/_. 

One can rewrite p2.3|) in a form that looks more like Toda equation and explore 
its Hamiltonian structure. As an illustration, we first treat the Ai case. Let us 
introduce the dynamical variables a;(n) and /3(n) by 



(12.4) 
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Equation ()12.3p for Ai reads 

dTi(n-l) , , , ,9Ti(n+l) ,^nr-\ 
^— ^ri(n + l)-Ti(n- 1) ^— = gi. (12.5) 

This aUows us to rewrite (|12.4p as 

x(n) = ^-f-— /?(n) = ^f^. (12.6) 

Ti[n — l)Ti[n + I) Ti[n — 2) 

From the expression of x{n) in (I12.4p and P{n) in (I12.6p . one gets another form of 
the lattice Toda field equation for Ai: 

^-^ = -2) 71-1 -X 71+1 , 12.7 

OS 

which is a discrete analog of the Liouvillc equation. It is derived as the equation of 
motion 

^-{H,/3(n)}, (12.8) 
OS 

with the following Hamiltonian and Poisson bracket: 

"H = 2;(to), {x{m),x{n)} = x{m)x{n)sgn2{n — m). (12-9) 

See (|12.13p for the definition of sgn2(n). We remark that ([1^3)) . I^TTT} and their 
relation explained in the above are difference-differential analog of the T-system, 
Y-system and their transformation stated in Theorem 12.51 for Ai, respectively. 

All these features are generalized to g straightforwardly. The relevant dynamical 
variables are 

X (n - —) 

Xa{n), Pain) = —. *f- (a £ /, 7i G Z/t), (12.10) 

Xa[n + J^) 

which are functions of the continuous time s. We keep the notation /, t, ta, C, {aa\ab) 
around (12.111 and set 

^ .2 Cab ^2, 

Bab^Bba = ^^,Cab=\-l Cab<0, (12.11) 



max(ta,t6) 



Cab = 0. 



{Bab) is the Cartan matrix for simply laced Dynkin diagram obtained by forgetting 
the multiplicity of oriented edges in that for g. We specify the Poisson bracket of 
Xa{n) as 

{xa{m), Xb{n)} = ^Bab Xa{m)xb{n) sgn^^^ (^max(<a, tb){n - m)^ , (12.12) 
where sgn^(7;) with k e {2, —1} is the odd function of z; e R defined bj0 

{1 if w > and u e 2Z + k, 
-1 if iJ< and t; e 2Z + /c, (12.13) 
otherwise. 



28, 



sgnQ(j;) is not necessary since tlie RHS of 1112. 12t contains the factor B^^h 
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Consequently, the Poisson bracket concerning l3a(n) becomes local in that it is non 
vanishing only with finitely many opponents. 



Mm),Mn)}^\xa{m)(3,{n)j:-^S:;li^n+^,n " Cab<0, (12.14) 

,0 ° Cab=0, 

{I3a{m), I3b{n)} ^ /3a("l)/3b(n-)('5,„+(Q„|Q,),„ - S,n~{aa\at),n)- (12.15) 

In (|12.14p . the j-sum is taken with the condition j = Cab + 1 mod 2. The equation 
of motion with the Hamiltonian 



dMn) 



= {H,/3a(n)}, n= ^-(") (12.16) 



ds 

leads to the differential-difference system: 

din Pain) 1 1 

ds ta' ta' 

+ Xb{n)+ Y {^bin - -) + Xbin + - 

+ Yj (xb{n-^)+Xb{n)+Xb{n 



(12.17) 



3- 



For Q — Ai this reduces to (|12.7p . The equation ()12.17p with Xa{n) and jia{n) 
related as (|12.10|) is another form of the lattice Toda field equation ()12.3p . In 
fact, the transformation between (|12.3p and (|12.17p is parallel with the Ai case 
P2.4I) - (|12.7I) . Generahzing (|12.4p we relate Xa{n) and Ta{n) by 

Xa{n) = 7^ In — — = — r— ^ — TT-T' 12.18 

where the latter equality is due to the lattice Toda field equation (|12.3p . Substi- 
tuting the latter form into (|12.10p . we find 

R(\ TT n{n + {aa\ab)) no 1o^ 

Pa{n)^\\— — ■ — -. (12.19) 

Tb[n - [aa\ab)) 

This can also been derived from (|8.16p by noting the same structure in ^~^=ij*" 623 
and Aia{n)/ {Ta{n — j-)Ta{n + j-)) given by (|12.3p . Anyway, ^'"g"^"^ is expressed 
as a linear combination of Xa{n) by using the first formula in (|12.18p . The result 
reproduces (|12.17p . 

A further continuous limit on n can be taken by letting 

Xa{n) ^ 2eexp{(l)a{z + en)), \n I3a{n) ^ -^(f)'^, (12.20) 

where ' = Then the limit e ^ of (|12.17p leads to a version of the Toda field 
equation for (pa = 4>aiz, s): 

^=Ytatbiaa\ab)e*\ (12.21) 
bei 
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The case g = Ai is the LiouviUe equation. Switching to ?/'a by (jia = J2b£i C^abipb — 
In ta , one may rewrite it in the form 

|-^ = exp(5:C„,Vb) 

be/ 

studied in |233| . An exphcit construction of the general solution is known containing 
2r arbitrary functions |233j . We see that (|12.16p and (|12.14p are lattice analog of 
the Hamiltonian formulation of the Toda field equation: 

^ = {n, cp'j, dze^^^'l {0,(z), cp',{z')} = tJb{aa\ab)S{z - z'). 

* ae/ 

The Poisson structures (|12.12p - ()12.15p have an origin in the lattice analog of 
the W^-algebras going back to |234j . In particular, they may be deduced from 
the Poisson relations among appropriate constituent fields in the g-deformed W- 
algcbra. Sec for example [235, 236, 154[ I232[ I237j and reference therein. Here we 
only mention, as an example, that (|12.15l) is a lattice analog of the Poisson relation 

among the fields Aa{z) corresponding to the exponential simple root e"" whose 
counterpart in the theory of g-character has appeared in (|4.25p . See equation (3.1) 
in |237| and also equation (8.8) in [70] for the logarithmic form. 

12.2. Discrete geometry. As we have seen in the previous subsection, continuous 
limits of T-system lead to Toda type differential equations. On the other hand, 
geometric origins of many differential equations of such kind have been known 
from the days of Darboux. Like the continuous case, it is natural to seek discrete 
geometry responsible for the intcgrability of discrete integrablc equations. In fact, 
if we let such geometric objects speak of themselves, they would say "We exist, 
therefore it is integrabl43' ■ There are many results in this direction. See for 
example |2381 12261 12271 12281 1239] and reference therein. In a sense they provide 
a most natural framework to set up Lax formalisms of the integrablc difference 
equations from geometric points of view. Here we only include a simple exposition 
of the basic example |2401 1241| connecting Y-system for Arx, to a discrete analog of 
the Laplace sequence of conjugate nets. 

We begin by recalling the appearance of the Toda field equation in projective 
differential geometry. Consider a surface in the real projective space which has 
the homogeneous coordinate vector z — z{x,y) € P^. A local coordinate {x,y) of 
the surface is called a conjugate net if 

Zxy + a{x, y)z^ + b{x, y)zy + c{x, y)z = (12.22) 

is valid for some functions a, b, c, where the indices mean the derivatives. Although 
z and w specify the same surface if they are related by z = Aw, the above equation 
is not invariant but changed into 

+ a{x, y)wx + b{x, y)wy + c{x, y)w = (12.23) 



29v. V. Bazhanov, talk at Newton Institute, Cambridge, UK, March 2009. 
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with a = a + (InA)j,, 6 = 6+ (InA)^, c ~ c + a(lnA)2; + 6(liiA)y + \xy/\. A 
characteristic of a surface independent of the gauge A is the Laplace invariant 

h ^ ax + ab - c, fc = by + ab - c, (12.24) 

satisfying h ~ h and k = k. In what follows we consider the generic situation that 
they are nonzero. 

For the homogeneous coordinate vector z satisfying ()12.22|) . the Laplace trans- 
formation C± is defined by 

C+{z)=Zy + az, /:_(z)=z^ + 6z. (12.25) 

This is compatible with the defining property (|12.22p of the conjugate net in that 
£+(Aw) = A(wj, + aw) and £_(Aw) = X{wx + 6w) hold with 5 and b given 
in the above equation. Any component z of z transforms as C- o >C+(z) = hz 
and o C-{z) = kz, meaning that C+ and £_ are inverse to each other as 
transformations in P'^. The family of surfaces in P'^ generated from z'^^ = z as 
z;(±") — (£-|-)"(z) {n > 1) is called a Laplace sequence. Denote by /i„,A:„ the 
Laplace invariant associated with z^"'. It is easy to see that z'-^^'> satisfies (|12.22p 
with a, b, c replaced by a(='=^\ 6^*^^ c^"*"^^ given by 



a(i)=a-^, 6^ = 6, c^^^ ^ ab ~ h + ^ 
h 

a(-i'==a, 6(-i)=6-^^, c^'D = a6 - + fc(^) 



(12.26) 



k 

Substituting this into (jl2.24p . one can express h±i and k±i in terms oi ho = h and 
ko — k. The result shows that the sequence of Laplace invariants satisfy a Toda 
field equation for Aao'- 
52 

„ „ " = -fen-l + 2fen - hn+1, /l„ = fc„+i. (12.27) 

oxoy 

Now we move onto the discrete analog of these constructions. The first step 
is to observe that (|12.22p implies the four infinitesimally neighboring points are 
coplanar. This motivates us to introduce a map x : — >■ P"^ such that the 4 points 
x(n, m), x(n + 1, to), x(n, m + 1), x(ri + 1, m + 1) are coplanar for any (n, to) £ Z^. 
Such a map is called two dimensional quadrilateral lattice, which serves as a discrete 
analog of the conjugate net. In the inhomogeneous coordinate of the projective 
space, a two dimensional quadrilateral lattice is represented by a map x : 7? —?' M.^ 
satisfying the discrete analog of (|12.22p as follows: 

A1A2X = {TiA)Aix + {T2B)A2X. (12.28) 

Here A.; ~ Ti — 1 and Ti changes rii in any function f{ni,n2) to rii + 1. The 
functions A, B on are "gauge potentials" analogous to a, b in the continuum 
case. The Laplace transformation, denoted by the same symbol as before, reads 

C+{x)=x~^, £_(a-)^x-^. (12.29) 
B A 

To see the geometric meaning of this, note that the four points x,Tix,T2X,TiT2X 
form a quadrilateral on a plane due to (|12.28p . The points ri£_|_(a:) and T2£-{x) 
are intersections of the two lines extending the opposite sides of the quadrilateral. 
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As in (Hl^i), the postulate Ai Aa^i (z) = TiC± {A)AiC± {z)+T2C± {B)A2C± (z) 
fixes the Laplace transformation of the gauge potentials as 

C+{A) = ^(1 + T,A) 1, C+iB) = ( ^r^M^ (1 + ^)) ^ 1' 

>C-(^) = Tf 1 (^^(1 + A)) 1, ^-(s) = ^(1 + T2B) - 1. 

It follows that the Laplace transformation is invertible, i.e. C+oC- = C-oC+ = id. 
Introduce the Laplace sequence as the continuous case by x^^^ = x and x^^"-^ = 
{C±r{x) in > 1). 

Now we are going to assign a cross ratio to each member of the Laplace sequence. 
For the four colinear points gi, (72, 93, 94 in MP, we define the cross ratio as 

/ N / N {qs - qi){q4 - q2) 

cr{qi,q2,q3,q4) = cr(g2,gi,<74,'73) = 7 tt r, 

(93 - q2){q4 - qi) 

which is invariant under projective transformations. Define the sequence of cross 
ratio by 

r(") = -cr(a;("),/:+(a;(")),Tia;("),T2/:+(a;("))) (n e Z), (12.31) 

or equivalently, by setting = Y and (£±)"(y)(n > 1) with = 

Y ~ -~ct{x, CJ^{x),TlX,T2C-^.{x)). The four points in cr are colinear. By using 
(|12.28p - (|12.30p one can derive various formulas, e.g. 

T2B - (1 + TiA)B ^ C+{A) B 
il + B){l + TiA) ^ l + £+(A)l + B' 
= -ct{x, C-{x),T2X,TiC-{x)). 

The sequence y'"-* satisfies the functional relation |240[ 1241] 



(12.32) 



(T.r.y<».)y<». ^ (^^^^) r. {j^^^} ■ 

With a suitable identification, this coincides with the Y-system for A^o (|2.1ip 

(i + vl-i(«)-')(i + nSi(«)-') 

with no boundary conditions on a and m. 

12.3. Bibliographical notes. The contents of Section [12.11 and Section [12.21 are 
mainly taken from [131 [137] and [lini[lll], respectively. 



98 



13. Q-SYSTEM AND FERMIONIC FORMULA 



13.1. Introduction. Consider the T-system for g. If one formally forgets the 
spectral parameter u in Tm\u), the resulting variable is conventionally denoted by 
Qm^ and the T-system reduces to the relation among them called Q-system. In 
the context of (j-characters, Tm\u) is the g-character Xq{^m\u)) of the Kirillov- 
Reshetikhin module Wm\u) (Theorem 14. 8p . Therefore, 



is the usual character of g obtained by the restriction defined in (|4.23p . Consider 
an arbitrary product of Qm^'s and the two kinds of decompositions (we assume 
J^m'' G Z>o for the time being) 



Here x(^a) denotes the (usual) character of the irreducible g-module V\ with highest 
weight A. The multiplicities bx of the irreducible representation V\ (branching 
coefficients) and the multiplicities cx of weights A (dimensions of weight spaces) are 
two basic quantities characterizing the decompositions. It turns out that analyses 
of the Q-system provide them with Fermionic formulas bx = Ma and cx = "^x- 
They possess fascinating forms that symbolize the formal completeness of the string 
hypothesis in the Bethe ansatz at g = 1 and q = 0, respectively. 

In Sections 113.21 and 113.31 we explain how Ma and J^x emerge from the Bethe 
ansatz along the simplest setting in g = ^i. Precise statements for Ai are formu- 
lated in Section 113.41 and the proof by a unified perspective of the multivariable 
Lagrange inversion method is outlined in Section ri3.5l All the essential ingredients 
are given by this point. In Section [13.61 we introduce the Q-system for g and write 
down the associated Fermionic formulas Ma and "Nx- The main Theorem 1 1 3 . 1 1 1 in 
the general case is stated. In Section fl 3. 71 the expansion of Qm^ into classical char- 
acters is given for non exceptional algebras Ar,Br,C'r and Dr- There are a lot of 
further aspects which are beyond the scope of this review. They will be mentioned 
briefly in Section ri3. 81 For simplicity we restrict ourselves to untwisted affine Lie 
algebras in this section. Analogous results are also available in the twisted cases. 

13.2. Simplest example of Ma- Recall the Bethe equation (|8.4p for the 6 vertex 
model. In the rational limit (7 — > 1. it takes the form 



where we have set all the inhomogcneity wj = and replaced Uj by \/~luj. The 
string hypothesis [10] is that the roots ui, . . . , u„ are arranged as (called originally 
"WellenKomlex" in [10]) 



U U U {""^ + V^im + l-2i) + emo.^ I 1 < ^ < m} (13.4) 



m>l l<Q<Af„ 

for each partition n = X],ri>i™-^™ {Nm <= Z>o)- Here tmai stands for a small 
deviation. The m-tuple configuration (with negligible tmai) is called a length m 
string with string center Uma- The iV,„ is the number of length m strings. The 
string hypothesis is not literally true as exemplified for instance when n = 2 and 




resT}:\u) 



(13.1) 




(13.2) 




(13.3) 
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L > 21 (cf. |242j ). Nevertheless, a formal count of the number of solutions to 
()13.3p is done as follows [101 1243j . First one rewrites the Bethe equation into the 
one for the string centers. This is done by replacing Uj by a member of a string 
lima + y/—l{m + 1 — 2i) + emai and taking the product over 1 < i < m. The 
resulting equation in the logarithmic form ln(LHS/RHS) G 27r\/— IZ is cast, if emai 
is negligible, into the form fm{uma) G Z or Z + ^ (1 < a < N„i) which depends on 
TO and the partition {Nm}- Explicitly, fm{u) is given by 

Nk 

fmiu) = LOmAu) - '^'^{e,n,k-l + 9,n^k+l){u - Ukp), (13.5) 
k>l 13=1 

Let us employ the principal branch — § < tan^^(it) < ^. Then from 0,„,fe(±oo) = 
± min(TO, fc)/2 and (6'„^fc-i+6'm,fe+i)(±oo) = ±(min(TO, fe)-(5„^fe/2), we get /„i(±oo) 
±(frn + -^m)/2. Here Pm, called vacancy number, is given by 

P„, = L-2^min(TO,A:)7Vfc, (13.7) 

k>\ 

and will play a significant role in the sequel. The bold argument is then that if 
Pm > 0, the solutions {uma} (up to permutations of Umi, . . . , UmN^ fo^' each m) are 
in one to one correspondence with the sequences (/i , . . . , /at,^ ) G (Z + ^ ) "'^^ 

such that —fmioo) + ^ < h < ■ ■ ■ < In„^ < fm{oo) — i. There are (■^"^^") such 
sequences for each m. Accordingly if one admits the argument, the number of 
solutions is 

M„ = ^ n T'"^"^"! (13.8) 



{JV™} m>l 



where the sum extends over all the partitions of n, namely those Nm > satisfying 
n = J2m>i (We understand Mq = 1.) 

What number should we expect for M„? The quantum space for the rational 
6 vertex model is (Kj^)'^'^, where ~ is the spin i representation whose 
highest weight is the fundamental weight wi. As a result of the global Ai = sl2 
symmetry, the Bethe vectors become by construction highest weight vectors in the 
quantum space j244| . The sector labeled by n carries the weight {L — 2n)uji. Thus 
for the Bethe's string hypothesis to be complete, one should have M„ = 6„ for 
< n < L/2, where b„ is the branching coefficient in the irreducible decomposition 
(K.J^^ = ©o<„<L/2 ^«l^(L-2r,Vi0 Explicitly, 6„ - Q - Note that the 

condition < n < L/2, and ^TSl} imply that Pi > B2 > ■ ■ ■ > Poo = L - 2n > 0, 
which automatically guarantees the condition Pm > 0. 

Example 13.1. For L = 6, one has (V^.f^^ = V6^,®5Vi^,®9V2uj^®5Vo. Accord- 
ingly one can check (Mq, Mi, M2, M3) = (1, 5, 9, 5). In fact, the nontrivial cases are 



''''This argument lacks the consideration on the associated Bethe vectors. 
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checked as 



M, 



Wi = l N2 = l Ni=2 

^0+l\ /2 + l\/0 + A /0 + 3^ 

JV3 = 1 Ni=N2 = l Ni=Z 

We postpone what can be proved mathematically in a more general setting to 
Section [1331 

13.3. Simplest example of J^x. Here we return to the trigonometric Bethe equa- 
tion (|8.4p . After setting the inhomogeneity Wj = 0, g = e^^'^'' and replacing Uj by 
Uj/ {^—Ih), it reads 

/ siuTT^Uj + \J—lh)j \ sin7r(wj — Wfc + 2\/ 



^ H ^ , { ■ (13.9) 

\ Dili /I ^^u,j — V ^-L"; / sinTT^Wj — Wfc — 2v — Iftj 

In this convention, the analog of the string configuration (|13.4p is 

U U U + \/^("^ + 1 - 2i)ri + e„^c,^ I 1 < « < m}, (13.10) 

m>l 1<Q<JV„ Mmc,6R 

where A^,„ is again the number of length m strings. Apart from q = 1 treated in 
the previous subsection, there is a point q = 0, i.e. the limit h ^ oo where one can 
make another formal but systematic counting of the string solutions [245j . Leaving 
the precise definitions and statements to |245j . we just state here casually that at 
(7 = the Bethe equation (|13.9p becomes the following linear congruence equation 
on the string centers: 

^'-•^ p -\- ]\[ -(-1 

Ama,kpUkf^ = — mod Z. (13.11) 

k>l /3=1 

Here the coefficient Ama,kp is given by 

Ama,kp = 5mk5ai3{Pm + N„i) + 2min(m, k) - S^k (13.12) 

with the same Pm as in (|13.7[) . Equation (|13.1ip is called the string center equation. 
The concrete form of its RHS will not matter in the counting problem considered in 
what follows. Given a string pattern (iV„j), one should actually regard the solutions 
to (|13.1ip as belonging to 

{ukl,Uk2, ■ ■ ■ ,UkNk) € (IR/^)^V®JVfc 

for each fc, where 6n denotes the degree symmetric group. This is because 
the Bethe vector is a symmetric function of ^'^'^V^'^ki ^ . . . ^ g27rv^ufcjv^ j^j, each k. 
We say that a solution (ufc^) to (jl3.1ip is off-diagonal if Ufei, Ufc2, • ■ • , UkN^ € M/Z 
are all distinct for each k. This definition is motivated by the fact that the Bethe 
vectors vanish unless the associated Bethe roots are all distinct |246j . 
For < n < L/2 we define 

?\f„ = jj{ off-diagonal solutions to the string center ca. (jl3.11l) }. (13.13) 

where the sum is taken over Nm G Z>o satisfying n ~ X]m>i as in (|13.8p . 

(We understand = 1.) 
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Example 13.2. We derive 3sf„ = (^J for n = 1,2 as an illustration. When n = 1, 
the only possible string pattern {Nm) is Nm = Smi. The equation (|13.11|) is just 
Luii = const mod Z; hence, there are J^i — L ofF-diagonal solutions. 

For n = 2 (hence L > 4), there are two possible string patterns (i) Nm — 5^2 
and (ii) N„i = 2(5„ji. In (i), equation (|13.1ip is Lu2i = const mod Z. which again 
yields L ofF-diagonal solutions. In (ii), equation ()13.11|) reads in the matrix notation 
as 



mod Z 



2 



'L-\ 1 \ uii 

1 L-l)\ui2, 

for some c. The number of solutions equals the determinant L{L — 2) of the coef- 
ficient matrix, which is positive by the assumption L > A. However, they contain 
the collision (un = M12) L times which should be excluded from the off-diagonal 
solutions. Thus there are {L{L — 2) — L)/2 off-diagonal solutions for (ii), where the 
division by 2 is due to the identification by 62. Collecting the contributions from 
(i) and (ii), one gets 3^2 = L + {L{L - 2) - L)/2 = L{L - l)/2 as desired. 

It is possible to generalize the calculations in Example 113.21 by a systematic 
application of the inclusion-exclusion principle. The final result reads [245j 

{t:}'"''"'^ ^ (13.14) 

Fra.k = SmkPm + 2 min(TO, fc)iVfc, 

where J' = {j G Z>i | Nj > 1} and P™ is defined by (|13.7|) . Again the sum in 
(|13.14p is taken in the same way as (|13.13p . As noted before Example I13.1[ the 
assumption < n < L/2 implies Pm > (m > 1). By using this property it can 
be shown that dctm.kej{Fm.k) > and the RHS of the first equality in ()13.14|) is 
a positive integer. 

What number should we expect for Unlike the rational case in the previous 
subsection, the 6 vertex model with q ^ 1 under the periodic boundary condition 
docs not possess the global sZ2-symmctry. Thus for the string solutions (|13.10l) to 
be complete, one should have 3Nf„ = c„; where c„ is the weight multiplicity of the 
quantum space (VJ^^ )'*^ with weight {L — 2n)uj^^. Explicitly, c„ = (^) . This has 
been confirmed for ?i = 1 , 2 in Example 113.21 The next case is checked as 



J<3= L 

N3 = l 



L-2 2 
2 L-2 



1 fL -6 + 2\ _ L{L - 1)(L - 2) 
L — I 



3\ 2 J 6 

Ni = N2 = l Ni=3 

One may wonder what happens for n > L/2 where c„ still makes sense. The 
answer will be given in the next subsection in a more general setting together 
with the analogous result for 6„. The only preliminary we mention here is that 
such considerations necessarily involve the situation Pm < hence the binomial 
coefficients (^) with X < N. 

13.4. Theorems for type A^. Wc have hitherto argued about three kinds of 
quantities 

(i) Number of string solutions in the Bcthe ansatz, 

(ii) Fcrmionic forms M„ and 'Nn, 

(iii) Representation theoretical data 6„ and c„. 



•^^The same remark as the previous footnote applies here. 
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especially without a much distinction between (i) and (ii). Here we redefine (ii) 
without recourse to (i) and formulate the theorems on the relations between (ii) and 
(iii). We treat the general spin case {^,„>x(KnLJi )^'^'" and present the Fermionic 
character formulas. As power series formulas, they are actually valid for arbitrary 
I'm G C. The proof of the theorem, which will be outlined in the next subsection, 
does not lean on the string hypotheses but is solely derived from the Q-system. As 
such, it does not prove nor disprove the completeness of the string hypothesis. 

Let Qm (Qm) be the character (normalized character) of the irreducible m + 1 
dimensional representation Vmui ■ Namely, 

Q™ = xiVm.J = + y™-' + • • • + y-"' = ^ — (y - e"0, (13.15) 

y~y 

Qm = y-"'Qrn. (13.16) 

The Q„i is a simplified notation for the variable Q^n (|13.ip in the Q-systcm for Ai: 

Qm = Qm-lQm+1 + 1- (13.17) 

See (|13.4ip . The Qm expressed as a function of Qi is the Chebyshev polynomial of 
the second kind. In Section [13.51 we will utilize the one adapted to the normalized 
character p3.16p . 

+ 2;-2"Q-2 = 1. (13.18) 

Let Vm G C (m G Z>i) be arbitrary except that i>m — for all but finitely many 
m. We define the branching coefficient 6„ and the weight multiplicity c„ for all 

n € Z>o by 



1 - ^ ^ 



\ ^ „ „,-2n 



c„y-'". (13.19) 



m>l ' n>0 

By the definition, the normalized character Q,„ is a polynomial in with unit con- 
stant term. {QmY"^ denotes its ^'mth power with unit constant term 1 + VmiQm — 
1) + ''"'('^^~^) (Q^^^ _ 1)2 _|_ . . . ^ which is a polynomial or a power series in 
according as i^m G Z>o or not. When i^m G Z>o for any to > 1, this defini- 
tion of bn agrees with the one for the branching coefficient of miy,„-2n)wi in 
®)ri>i(^™"i for < n < X)m™^»"/2- The above 6„ is an extension of this by 
bn ~ —b_n+i+j2 mvmj wliicli is the skew symmetry under the Weyl group. 

As for the Fermionic forms, we redefine M„ (|13.8p and 3Nf„ p3.14p by replacing 
Pm P3.7p and the binomial coefficient therein with the generalized oneq 



132 



Pm = ^)(^'^ ~ 2iVfc), (13.20) 

fe>i 

I) = "''^^^^7'^'^ (X e c, iv e z>o). (13.21) 

The sum over {Nm\m £ Z>i} is taken in the same way as (|13.8p and p3.14p . 
Namely, it is the finite sum over those Nm G Z>o satisfying X]m>i '^^m = 
There is no condition like Pm > which does not make sense in the general setting 



32 



In Sections [TMl and [T331 the symbol (^) was used only for < A'' < X. 
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Vm G C under consideration. The generalized binomial ()13.21|) is nonzero except 
the N points X = 0,1,...,A'^ — 1, and appears in the expansion 

for any /3 G C. With these definitions we have 

Theorem 13.3 ( [2431 EH] ) • The equalities (1) Mn ^ bn and (2) H„ = c„ hold for 
all 71 G Z>o. Namely, the following power series formulas hold. 

n (2">r- - ^"f_^:r'" = E ^ny-'"- (13-23) 

m>l y n>0 

The formulas (1) and (2) are due to |243j and [245J , respectively. The theorem 
reproduces the observations in Sections ll3.2l and ll3.3l in the special LS 

ml 

and < n < L/2, where P,„ > for any m > 1 automatically holds. However, 
even for this simple choice = LSmii it further claims infinitely many nontrivial 
identities including M„ = for n > L + 2 and INf„ = and n > L + 1. 

Example 13.4. Assume that i/„, = for m > 4. Then LHS of p3.23p is (1 + 

y^^Y' (1 + 2/"2 + y-4y2 (1 + y-2 + y-4 + y-ey^ . Setting 7„ = J2Li min(m, fc)i/fe, 
we write down M„ and >f„ (|13.14p for n = 1, 2, 3. 

Ml =71-1, M2 = 72-3 + i(7i-2)(7i-3), 

Ms = (73 - 5) + (71 - 3)(72 - 5) + ^(71 - 3)(7i - 4)(7i - 5), 

6 

^i=7i7 ^2=72+^71(71-3), 

+ ^71(71 - 4)(7i - 5). 

One can directly check these coefficients in the power series expansions p3.23p . 
For instance in the simplest case i/„i = hence 7„i = for all m > 1, all these 
coefficients vanish except Mi = —1 as they should. 

In the case & Z>o {'m > 1), Pm in (|13.20p can be a nonnegative integer for 
some {Nm}- Then it makes sense to introduce the following variant of M„: 




(13.24) 



where Pm and (^) are again specified by (|13.20p and p3.2ip as for M„. The only 
difference from it is that the sum X]{Ar } extends over those Nm € Z>o satisfying 
n = X]m>i "^-^m with the extra condition Pm > if Nm > 1- 

Given {vm}, n and {Nm} satisfying X]m>i ""^^rn = let tuq be the maximal m 
such that Nm > 1- Then we have Pmg = J2k>i iniii(m.o, k)vk-''2,n < J2k>i kvk — 2n. 
Thus we see M„ = if n > i J2k>i ^^k- 

Theorem 13.5 ( |247l 1248] ). For any Vm G Z>o, ihe equality M„ = 6„ holds for 
< n < \ Y.m>l'^^m- 



X3 



73 



71-2 
2 



2 

72-2 
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As remarked after Theorem 113.31 Theorem 113.51 is equivalent to Theorem 113.31 
(1) in the the special case Vm = L5mi and Q < n < L/2. In general, they imply 
that the contributions to Jin involving < cancel out. 

Example 13.6. Take i/„ = 25mi in Example [TOl Then (71,72,73) = (2,4,6). 
The three terms in M3 correspond to choosing nonzero Nm as N^^ ~ \, Ni ^ N2 ~ \ 
and iVi = 3. Thej;elevant P^'s are P3 = 0, Pi = P2 = -2 and Pi = -4, 
respectively. Thus M3 is given by the first term only 73 — 6 = 1. This coincides 
with M3 since the other two terms cancel. 

13.5. Multivariable Lagrange inversion. Here we outline the proof of Theorem 
113.31 We describe an essential step of deriving (|13.23p from (|13.18|) in a generalized 
setting applicable to g case |249| . 

Let H denote a finite index set. Let w = {wi)i^H and v = (vi)i^H be complex 
multivariables, and let G — {Gij)ij^H be a complex square matrix of size \H\. We 
consider a holomorphic map D — > C^, v i— > w{v) with 

w,iv)=v,Y[il-Vj)~^^', (13.25) 

where V is some neighborhood of u = in C^. The Jacobian [dw / dv){v) is 1 at 
w = 0, so that the map w{v) is bijective around v = w = Q. Let v{'w) be the inverse 
map around v = w ^ 0. Inverting (|13.25p . we obtain the following functional 
equation for Vi{'w)''s: 

v^{w) =w^\{{l- v,{w)f^K (13.26) 
By introducing new functions 

Q,{w)^l-v^{w), (13.27) 
the equation ()13.26p is written as 

Q,{w) +w^\{ Qj{wf'^ = 1. (13.28) 

From now on, we regard (|13.28p as equations for a family {Qi{'w))i^H of power 
series oi w = {wi)i,£H with the unit constant terms. The procedure from (|13.25p to 
()13.28p can be reversed; therefore, the power series expansion of Qi{'w) in (|13.27|) 
gives the unique family {Qi{'w))i^H of power series of w with the unit constant 
terms which satisfies p3.28p . 

We define (finite) Q-system to be the following equations for a family {Qi{w))i(=H 
of power series of w with the unit constant terms: 

n QiH""'' + n Qji^f'' =1 e (13-29) 

where D = {Dij)ij^H and G = {Gij)i_j^H are arbitrary complex matrices with 
dct_D ^ 0. Equation ()13.28p . which is the special case of (jl3.29|) with D ^ I 
{I: the identity matrix), is called a standard Q-systcm. By setting Qj{w) — 
rije-ff 2j(^)^'^ ' P3.29|) is always transformed to the standard one ()13.28p with 
G replaced by G' = GD^^ and vice versa. Therefore, the Q-system (|13.29|) also 
has the unique solution. 
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Given the Q-system ()13.29p and v ~ {i^i)ieH <5 C^, we define two power series 
of w 

DYf^H =^M(z.,Ar)u;^, J^-^H = ^ [^(i., iV)w^, (13.30) 

N N 

where = YiieH'^f^ ^^'^ ^^'^ sums run over N = {Ni)i^H G (Z>o)^- The 
coefficients arc given by 

M(.,iV)= n Pit.'^O' (13.31) 



ieH(N) 



where the binomial is defined by (|13.2ip and we have set H{N) = {iEH\Ni^O}, 
^ P,{v,N) - ^ vAD'^)n - Nj{GD-'),,, (13.33) 

F,j = (i/, N) (5,,P, + (Gi5-i)y7V, . (13.34) 

detH{N) is a shortliand notation for dcti,j^H{N)- In p3.3ip and p3.32p . dct0 and 
mean 1; therefore, Jd'^{w) and l^'^{w) are power series with the unit constant 
terms. See |2491 section 2] for the convergence radius. Note a similarity to (|13.8p 
and USUI). 

Theorem 13.7 ( |249| ). Let (Qj(w))ieH be the unique solution of U3.29]) . For 

V = {i^i)ieH G , the following formulas are valid: 

Qi (w) itself is obtained by setting i>j = Sij . 

Example 13.8. Let \H\ = 1. Then, (|13.29p is an equation for a single power series 
Qiw): 

Q{w)'^ +wQ(wf = 1, 
where D ^ and G are complex numbers and Theorem 113.71 shows that 

' ^ ' D ^^r{{u + NG)/D-N + l)N\ 

This power series formula is well known and have a very long history since Lambert 
(e.g. [2501 PP- 306-307]). 

As noted before, the Q-system (|13.29|) is bijectively transformed to the standard 
one (|13.28p . Under the corresponding changes D I, i/i —i' J2jeH ^'^'^ 
G GD^^, quantities (|13.33p and (|13.34p remain invariant, hence so are M(i', N) 
and M(zy, iV). Thus we have only to prove Theorem 113.71 for the standard case 
D = I, where Q^{w) is described by (|13.25p - (|13.27p . Therefore, Theorem [13J| 
follows from 
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Proposition 13.9 ( [249] Proposition 2.8). Let V = v{w) be the inverse map of 
US. 25]) . Let M^(w) and 'N''{w) be those for D ^ L m U3.33\) and (W3^. Then, 
the power series expansions 

det(^|^(«;)) n (1 - v^H^-' - ^"H. (13.36) 
'[[{l-v,{w)r ^J^'^iw) (13.37) 

hold around w = 0. 

Tliis is a particularly nice example of the multivariable Lagrange inversion for- 
mula (e.g. [251] ). where all the calculations can be carried through by a multivari- 
able residue analysis. 

Proof. The first formula US. 36]) . We evaluate the coefficient for on the LHS 
of (|13.36p as follows: 



Rcs^=o^{w)l[{{l - v,{w)r-\v,{w))-\w,)''^^~'}d, 

■Res.=o n {(1 - n (1 - vjr'''^y'''}dv 

ieH jeH 



■ Res, _^ 

ieH ' ' ieH 



where we used (|13.22p to get the last line. Thus, (|13.36p is proved. 
The second formula {13.37^ . By a simple calculation, we have 

det(^|^(«)) n (1 - «0 - dct(^,, + (-% + G,,)v,) = ^ IT (13-38) 

' ^ ieH JeH ieJ 

where dj := detj{—6ij + Gjj), and the sum is taken over all the subsets J of H. 
Therefore, the LHS of (|13.37p is written as 



det(^|^(z.)) Y: djl[{{l-v.iw)r~'u,{wr^^^A. (13.39) 

By a similar residue calculation as above, the coefficient for of (|13.39p is eval- 
uated as (6'(true) = 1 and ^(false) = 0) 

^d,/Res,=on{(l-«')"''"^"'^^"'(^'')""''+'^'''^"'}rf« 
JeH ten 

'P,{iy,N)+N,-9{iejy 

N, - e{i e J) 



E n 

JCH{N) ieH{N) 



JCH{N) ieJ ieH(N)\J ' ieH(N) 



= ^drt^(%(P,+iV,) + (-% + G,,)iV,) n ]^ 

:3Nf(l/, N). 



ieH(N) 



1 {P, + K,-l 
iV,;-l 
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This completes the proof of Theorem 113.71 What is left to prove Theorem 113.31 
from it? Comparing the Q-systems (|13.29p and (|13.18p and also Pm in (|13.33|) and 
(jl3.20p . we sec that Theorem 113.31 formally corresponds to taking 

i/ = Z>i, w^^y-^\ 

- (13.40) 
{D ),j = - min(i, j), Dij = Jij+i + Sij-i - 2Sij, G^j = -2Sij 

in Theorem 1 13. 71 and claiming M'^(w) = 1 — y^^ thereunder. Since we started with 
the assumption that H is a, finite set, it is nontrivial how to make sense of these 
choices and claims. We refer to [249] for a proper treatment of such an infinite 
{\H\ = oo) Q-system as a projective limit of the finite Q-systcms. According a 
result therein, Theorem 113.31 is shown, among other things, from the convergence 
property: the limit limm-s-oo Qm{wi = y"^') exists in C[[y~^]]. 



13.6. Q-system and theorems for g. Here we present the Q-system and analog 
of Theorem 113.31 and Theorem 1 1 3 . 51 for general g. We use the notations in Section 
12.11 such as /; <, ta; C = (Cab), eta and uja- The unrestricted Q-system for g is the 



following relations among the variables {Q 
1 if they occur on the RHS. 
For simply laced g. 



(a) 



a IE I,m > 1}, where Q 



(0) 



For Br, 
For g = Cr, 
For g = F4, 



n Q'^'- 



beI:Ca 





iVm+l ^ 




1 "^m+1 




-1 V2m+1 




^2m+2 ^ 




l^)ri+l ^ 




-1 V2m+1 




i)r)(''"i) 

"^2m+2 




l^m+1 + 



p(r-l)(^(r-l) 



^2m ■ 



(1 < a < r - 2), 



(1 < a < r - 2), 



r) 
m-l-1 ' 



('32m-|-l) 



(1) n(i) 



n(4) 



1 V2m+1 

)(3) 
;2m-|-2 



'3m^Q2?ni 

V2mi 
0(2)r)(2) o(4) 

~ Qrn ■ 



(13.41) 



(13.42) 



(13.43) 
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For = G2, 







-l^^m+l 1^ 


^3m' 






-lV3m+l 




W3m+1/ 










~ ^3m 


+ lV3m+3 


+ Qm^Qm+l) 



(13.44) 



These relations are uniformly written as 

(Qt"')^-Q!:^Qi':li + (Qt^')' n {Qff-'^^ (13.45) 

(b,k)eH 

by using the notations (|13.48p and (|13.5ip . We shall introduce the restricted Q- 
system in Section [14.5I 

As mentioned around (|13.ip . these relations follow from the T-systems by for- 
getting the spectral parameter u. Recall that ieBXq{Wm\u)) denotes the classical 
character of the Kirillov-Reshetikhin module Wm^ (u) . See (|4.23p for the definition 

of res. Since res removes the dependence on u, we will simply write as resxg(VFm'') 
in what follows. The following is a corollary of Theorem 14.81 



Proposition 13.10. The substitution Qm^ ~ TesXqiWm"^) satisfies the unrestricted 
Q-system. 

From now on, we understand the symbol Qm^ as representing resXqiWm '')- By 
Theorem 14.61 (1). the normalized character 

QW=e-™-.QW (13.46) 

is a polynomial in e^"^ , ■ • ■ , e^"^ with unit constant term and coefficients from 
Z>o. In terms of Qm\ the Q-system is expressed as 

n (Qi^')^-.'- +e-™"" Y[ (gW)G_,.. (13 47) 

(b,k)eH {b,k)eH 

for (a, to) G H. Here Dam.bk and Gam,bk arc defined by 

iJ = {(a,TO)|a e /,m e Z>i}, (13.48) 

Dam,bk ~ ~5ab{'^5mk ^ <^m,fc+l ^ (^m^fc-i), (13.49) 

{D~^)a7n,bk = -5ab min(TO, k). (13.50) 

— Cba{5m,2k~l + 2(5„i^2fc + 5m,2k+l) ta/tb = 2, 

^ I —Cba{Sm,3k-2 + 2Sm.3k-l + 3(5„i,3fe ta/tb = 3, /io C1^ 

Gam.bfe = , OA _u A ^ (13.51) 

+^0m,3k+l + (>m,3k+2) 

-CabSu,n,t^k otherwise. 

For = Ai, the data H,D,G here reduce to (|13.40p hence (|13.47p to (jl3.18p . 
By an analysis parallel with Ai case, one can establish the power series formulas 
involving Fermionic forms. They are read off (|13.30p - (|13.34p by formally replacing 
the single indices by double ones as i ^ {a,m), j — > {b,k), etc. To be concrete, 
let ly = (i^m'')(a,m)e-ff "= where = for all but finitely many (a,m). For 
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N = {N^^)ia,m)eH e iZ>n)", we define 

Mi.,N)^ n ( (13.52) 

{a.,n)eH{N) ^ ^ 

/ \ 1 /p*^"' + iV^"-' - 1\ 

:M(.,iV)=(de^F„„,.) n ^^i^^i^):! )' (13.53) 

where the binomial is the generahzed one (|13.2ip . We have set H{N) — { (a, m) E 
H I Nm^ 7^ 0} and det/i'(Af) denotes det(^a,m),{b,k)&H{N}- Define further 

Pi")= J2 niin(m, fc)4'^ - ^ Kl^b) niin(<f,m, iafc)iv{,'\ (13.54) 

FamMk = SabSrnkPm^ + (aa|a&) min(if,m, tak)Nl^\ (13.55) 
With these definitions we have 

Theorem 13.11 (|5I1 IHOl IMS ISH])- ^/le following power series formulas are 
valid: 



n (2 



M{iy, N)e- ^(^.^)eH 



n„eAji-e-") 



{a,m)eH ^^g^^g^ 
TV 

where the sums run over N = (-/Vm ■')(a,m)e-H ^ (2>o)^ without any constraints. 
The symbol denotes the set of positive roots of q. 

See Section [13.81 how this theorem was estabhshed by integrating many works. 

Let us turn to the special case G Z>o for any (a,m) G H. Then the power 
series (113. 56p actually truncates to a polynomial, and Theorem 113.111 implies the 
Fermionic formulas for the branching coefficient 6a and the weight multiplicity cx 
in (|13.2|) . To write them down, we introduce 

r 

Ma = ^M(i.,7V), Ka = ^K(i.,7V) (Ae^Zcj,), (13.57) 



N N 

)(a,m)€ 



where the sums run over N = (A^m ■')(Q,m)eH •= (^>o)^ satisfying the weight con- 
dition 

A= rnN^^aa. (13.58) 

(a,m}£H (a,m)6ff 

Then the following is a corollary of Theorem 113.111 

r 

n(Q™ =E^^^(^^)' bx^Mx for AG^Z>oc^a, (13.59) 

a,m A a— 1 

- ^ CA e , 

a,m A a— 1 

As the generalization of ()13.24p . we further introduce 

Ma = M(i^,Af), (13.61) 

N 



nCS- = E = ^ ^ ^ Zc^a. (13.60) 
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where the sum J2n extends over N = (-/Vm^)(a.m)eff ^ (^>o)^ satisfying ([T3 



and the extra condition that P,„ > whenever Nm > 1. Then the following is the 
Q version of Theorem 113.51 

Theorem 13.12 ([lUIMZllMillSl]). for A € Ea=i^>o^a, the equality bx = Ma 
is valid. 

13.7. QI^^ as a classical character. Here we present the expansion of Qm^ into 
classical characters. Such an example has already been given in (j4.24p for the rank 
2 algebras g = v42, i?2, C2 and G2. Here are a few examples from Eg,: 

Q?^ = x(K.J + 2x(VLj + x(V^r) + x{Vo), 

Ql^ = XiV^s) + 2x(K.e) + 4x(K..) + X(V^^+^,) 
+ 3x(K.J + X(^2^J + 4x(K.J + 2x{Vo), 

which satisfy a Q-system relation (Q^^'')^ ~ Q'"2^ + Q'^i^ for instance. In general 
from (|13.59p and (|13.58p . the expansion takes the form 

called "children" 



Qt^=x{Vrr.u^+ ^ax(^a), (13.62) 

where h\ is obtained by specializing in (|13.59p or Theorem 113.121 As we see 
in the above example, the description of the children is complicated in general for 
of exceptional types. However, for non exceptional g, they can be described by 
simple combinatorial rules given below. For simplicity we write x(Va) as x('^)- 
For Q = Ar, there is no children: 

g(;j) = x(™^a). (13.63) 

To check the relation (Qm^)^ = Q^^iQ^+i + ^^Qm^^^ is an easy exercise on 
Schur functions. It is customary to depict the weights miuji + - ■ ■+mrUJr {mi G Z>o) 
as a Young diagram. The rule is to regard each uja as a depth a column. Thus 
()13.63p is represented as the ax m rectangle Young diagram. As we will see, in the 
other nonexceptional algebras, the children for most are described by removals 
of dominos from the a x m rectangle. 
For g = Cr, we have 

^(,)^ rx(fci.i + --- + /c.c..) l<a<r-l, ^^gg^^ 
l^ximujr) a = r, 

where the sum is taken over nonnegativc integers fci , . . . , fc^ that satisfy ki + ■ ■ ■ + 
ka < m, kj = m6ja mod 2 for all 1 < J < a. The summands correspond to the 
removals of horizontal dominos (shape 1x2 Young diagram). 
For g = B,. and Z),., we have 

Qm^ = X! Xikao^aa H ^ ^0-2^^0-2 H h ka^Ja) 1 < « < 

r' = r for Br, r' = r — 2 for ao = a mod 2, ao = or 1, (13.65) 

Q^m = x("^Wq) a = r -l,r for Dr. 
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Here ujq ~ 0. The sum extends over non- negative integers ka^ , kao+2, ■ ■ ■ ,ka obeying 
the constraint ta{ka„ + ka„+2 + • • • + fca-2) + ka = m. The summands correspond 
to the removals of vertical dominos (shape 2x1 Young diagram). 

13.8. Bibliographical notes and further aspects. The Q-systerr0 for q first 
appeared in [8T1|92]- In [81], it was claimed that (in a nowadays terminology) Q^m = 
resX(j(W^m ■*) satisfies the Q-system, and the generalization of Bethe's Fermionic 
formula hx = Ma (Theorem 113. 12p holds. These assertions became known as the 
Kirillov-Reshetikhin conjecture. Together with the closely related formulas 6a = 
Ma, ca = ^NTa and Theorcm ll3.11l they have now been established by the integration 
of numerous works since then. Here we shall only mention the literatures that 
are most relevant to our presentation in this section. More detailed accounts are 
available in j249[ section 5.7] and [131 section 1]. 

The method of multivariable residue analysis was initiated in |243[|255] for Ai , Ar 
and extended to g in |252| . The main conclusion from this approach is that the 
Fermionic formula bx = Ma follows from the Q-system and a convergence property 
of Qm^ as TO — >■ 00. It was found in [245[ |80] that these properties also lead to 
another version of the Fermionic formula cx = ^^x- The two stories 6a = Ma 
("XXX type") and cx ~ 'Nx ("XXZ type") were put in a unified perspective by a 
version of multivariable Lagrange inversion |249j with a proper passage from the 
finite to infinite Q-systems. Last but a crucial input that vesxqiWm'') actually 
satisfies the Q-system for any g was proved as a corollary of Theorem 14.81 [571 IBS] 
together with the convergence property [68] Theorem 3.3(2)]. Thus, Theorem 113.31 
(1) and (2) for Ai are due to |243j and |245j . respectively. Its g version. Theorem 
nXTTl is an outcome of [HU [2521 [8OI 12491168]. 

The identity 6a = Ma (Theorem ll3.12|) has been proved by combinatorial meth- 
ods in [1531 IMZl for -4r- Thanks to 6a = Ma, it suffice to show Ma = Ma for 
dominant A. A uniform proof of the latter for all g is given in |254j by a generating 
function method. 

The expansion of Qm-* into classical characters as in Section 113.71 also has a long 
history going back to [147] . By many works e.g. [82] [65l |86l 1252] . such formulas 
have been established for all Qm'^'s for Ar, B,., Cr, Dr and many ones from i^ej.s, F4 
and G2. 

Wc conclude with a few remarks on further aspects which have not been discussed 
in this section. 

(i) The series M(w) (|13.30[) has an interpretation of the grand partition function 
of the ideal gas with the Haldane exclusion statistics |256| . The finite Q-system 
(|13.29p appeared in |256| as the thermal equilibrium condition for the distribution 
functions of the same svsteixF^. See also |257j for another interpretation. The 
one variable case (Example [TXH]) also appeared in [258] as the thermal equilibrium 
condition for the distribution function of the Calogero-Sutherland model. As an 
application of our second formula in Theorem II 3. 7[ we can quickly reproduce the 
"cluster expansion formula" in [2591 eq. (129)]. Setting D = / in (|13.30|) ~ (|13.34|) . 



■^■^They are named so in [l] after the notation Qm due to |81II92) . which was adopted to mean 
"quantum character" 13041 . 

■^^For the translation, substitute Wi = Qi/{1 — Qi) in equation (10) in |256| . 
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we have 

d 



where {Qi{'w)}i^H is the solution of (|13.28p . The Sutherland- Wu equation also 
plays an important role for the CFT spectra. See [260] and the references therein. 

(ii) There are decent g-analogs of b\ and ca by using the crystal base of Uq{Q) 
[261] . A typical one for is the Kostka-Foulkes polynomial |135j . Correspondingly, 
there is a q-analog of the Fermionic formula b\ = Ma known as "X = M conjecture" 
|2521 1262] . which has been solved for Ar |247[ 1248] and some other cases. There is 
also a conjectural g-analog of Ma = Ma |252[ eq. (4.21)]. These formulas have the 
level restricted versions and are related to RSOS models and CFT characters. For 
a historical survey, see [2621 sectionl] and |263j . 

(iii) The Q-system, Theorem 113.111 and the expansion formula as in Section [13.7l 
have been generalized to twisted quantum afSne Lie algebras Uq{X^'') [2621 12491 



14. Y-SYSTEM AND THERMODYNAMIC BeTHE ANSATZ 

In this section we explain how the level £ restricted Y-system for q (|2.11[) - (|2.15p 
emerges from the thermodynamic Bethe ansatz (TBA) equation associated with 
Uq{g) atq = exp(j^^|iy). (See and ([231) for t and h'^ .) The TBA equation is 
relevant to level £ RSOS models and quoted from Section [121 We also introduce the 
constant Y-systcm and explain its relation to the Q-system in the both unrestricted 
and level restricted versions. Conjecturally, the level restricted Q-system allows a 
solution via a specialization of characters to the q-dimension with q being the root 
of unity. They play important roles in the dilogarithm identity related to conformal 
field theory and the TBA analysis of RSOS models. We use the notation 

£a^ta£, L = £ + h'^, (14.1) 

He = {(a,m) \ a e 1,1 < m < £a ~ l,m <E Z}, (14.2) 



where ta is defined in (j2.ip and ft.^ is the dual Coxeter number of g (j2.3p . The set 
He is a level truncation of H (jl3.48p . We will further use 

tab = ma.x{ta,tb), (14.3) 

I 2 Cab ~ 2, 

Nab = 25ab - Bab, Bab = Bba = J^Cab = { -I C.fe < 0, (14.4) 

tab 



Cab = 0. 



This Bab is the same as (|12.1ip . 



14.1. Y-system for ADE and deformed Cartan matrices. For simplicity we 
first deal with the simply laced algebras g = A,.,Dr and -Eej.s- In Section [15.11 
we obtain the TBA equation for level £{£ eZ>2) critical RSOS model in (|15.14p . 
It is the following nonlinear integral equation on the functions {^^{u) \ (a,m) £ 



113 



In 



(l+Gxp(/3e^t-l(^)))(l+<=''P(/34°+l(^))) 



^ (14.5) 

4cosh(7ru/2) ^'"^ ' 7_oo'"'' 4cosh(7r(it - u)/2) 

Here /3, 7 > 0, e = ±1 and (p, s) G -ff^ are model parameters specifying the temper- 
ature, normalization of energy, two critical regimes and representation Ws^^ (fusion 
type) with which the model is associated, respectively. The physical meaning of 
em\u) is the pseudo energy defined by cxp{—l3em\u)) = pm\u)/am\u) in terms 
of the color a length m string density pm^ (u) and hole density (u). More details 
can be found in Section [1531 but we do not need those background here. 

We assume that (|14.5p can be analytically continued off the real axis of u until 
|5mM| < 1. Setting -u — > -u ± i q= Oi, take the sum of the resulting two equations. 
The LHS vanishes and the RHS is evaluated by means of 

4coshf(it-w + i-0i) ^ 4coshf(u- w-i + Oi) ^ ^ (l'^-^) 

as the convolution kernel. By introducing the variable Ym\u) = exp(— /Sem' (u)), 
the Boltzmann factor of the pseudo energy, the result is the logarithm of 

Yi^Hu - ^)Yi^iu + ^) = ^""X)] , ■ (14-7) 

This is the Y-system for q = Ar,Dr and i?6,7,8 l|2.1ip in the convention that Ym^ {u+ 
k) there becomes Ym\u + ik). It is level I restricted since only Ym\u) with 
(a,m) G Hf arc present. 

Notice that the LHS of (|14.5I) that had carried the model dependent information 
/?, 7, e and (p, s) disappeared all together. In this sense, the Y-systcm is a universal 
feature of all the physical systems described by the TEA equation (|14.5p whose 
LHS is any 2i-antiperiodic function of u. Put it differently, the LHS encodes the 
specific properties in each model that are coupled as a driving term to the universal 
structure (Y-system). 

Let us observe another aspect of the Y-system (|14.7[) . It is written as 

il + Yi^\u-i)-^)il + Yj;t\u + i)-^) _ il + Yt\u-z))il + Yi^\u + i)) 
(1 + Y^:l,iuy^)il + Yi%{u)-^) Uteii^ + yJ;^\u))^^^ 

(14.8) 

The LHS and RHS of (|14.7p possess parallel structures related to A^^i and g, 
respectively. In the Fourier space they are encoded in the deformed Cartan matrices 
with indices corresponding to the length m and the color a, respectively. To see it, 
define the Fourier transformation / ~ f{x) of / = /("") by 

f{n) - / K^V'-^dx, fix) = / f{u)e-^^^du. (14.9) 

If we formally interpret the multiplication with e'^^ (c € M) in the Fourier (x) space 
as the difference operator u — >■ u — ic in the "real" (u) space, the logarithm of the 
RHS of (|14.8p is assigned with the Fourier component '^i^j Mab{x)h\{l + Ym^), 
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where 

Mab{x) =26ab cosh X- Nab (for ADE) (14.10) 
is the deformed Cartan matrix of g. ActuaUy the Fourier transformation of the 

TBA equation (flA5l) contains J^bei ^SiS + ^™ ^) ^^at the identity (|lA6)) 
works in the real space. ParaUel remarks apply to the LHS of (|14.8p . 

We call the functions like Mab{x) TBA kernels as they emerge in the TBA 
calculation (Section 115. ip and play important roles as building blocks of integral 
kernels in the TBA equation. 

14.2. TBA kernels. Here we summarize the definitions and useful properties of 
the TBA kernels for general g. In place of p4.10p . we redefine Aiab{x) and introduce 

IC'^'^x) as 

Mabix) = 2SabC0sh{^) - N^b = Bab + 2J,fc (cosh(;^) - l) , (14.11) 

^")=^-- 2eosh(e) • ^ ^ 

For {a,m), (6, k) e Hi, we further introduce 

. , sinh('min(7^i, :^)x) sinh((^ - max(72- 

ATbHx) = ^ u .^ \ ^ ^ (14-13) 

sinh(^)sinh(£x) 

IC:t{x)=AZ'{x)Mab{x), (14.14) 



n— 1 Via/ 

(x) = 2eosh(f ) J2 ICrix)A:^ix) (14.16) 

n— 1 



sinh(.^) sinh(f ) 

— j^^<Sw.fc+ sinli(|) y^^{rn+i)-j.k 



'liL(,„_l)+j 



The sum J^^'Li" i'^ (|14.16p is to be understood as zero if ta > h- Since the latter 
expressions in (|14.15p and (|14.16p do not contain £, we can and do extend the 
definition of Jab'ix) and V^^ix) to all the nonnegative integers m,k > 0. The 
inverse Fourier transform J^^^u) is an even function of u but Jab^(u) ^ Jb^{u) 
in general as opposed to A'^^ix) = Al'^{x) and t'^^^ix) = K;^™(a;). The /C™"(a;) 
in (|14.12p should be distinguished from (x) in (|14.14p . The following relations 
are easily checked: 

fa-l 

2eosh(f ) £ A'::{x)tf{x) = Smk, (14.17) 

n—1 

2eosh(f ) £ AZ\x)J-,^{x) = /CLf (x), (14.18) 

n—1 

J2\x) ^ SabS^, - , :)r,' - (14-19) 

2eosh(^) 
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All the TBA kernels (fT4lI|) - ([]AT6l) are deduced from A^'^ix) and Mab{x) by 
using these relations. The basic ones A^t^ix) and Aiab{x) are obtained as 

/ due-^-- — eT{u,-)^AZ'{x)U^L, (14.20) 
rfiie-»-|-e:^''Xw, Klab)) = -SabSmk+Mabix)AZt{x)\i^L, (14.21) 

where e^(u, ^) (fTOl) and e;7fc'=(u, (aa|ah)) (fTOl) are the logarithm of the LHS 
and the RHS of the Bethe equation under the string hypothesis, respectively. See 
(HSII-dlEl. 

When is simply laced, the TBA kernels simplify as 

sinh(min(m, k)x) sinhf (£ — niaxfm, k))x) 

^Tb ix) = ^ r^V^ ^ " \ 14.22 

smha;sinh(£a;) 

A-mk,,-. Mabix)d,nk Ngb \ ^ (TAr>-}\ 

V'^^{x)=b.^u. (14.24) 



14.3. Y-system for q from TBA equation. Let us derive the level i restricted 
Y-system for general g from the TBA equation. We quote the latter obtained in 
(|15.13P with the notation F,l"^(w) = exp(-^ej°^ (u)): 



pa^sm 



Atp ^ cosh{tp7Tu/2) 



- In yif)(u) 



, . '< 



In 



dv- 



(a) 



ita ^ C0Sh(ta7r(M - v)/2) 



dv- 



vg" * in(i + 



{b)\ 



{v) 



{b,k)eHe 



4ta COSh{taTT{u - v)/2) 



(14.25) 



is defined via its Fourier component (|14.16p and * denotes the convolution 



Ui*h){u) 



dvfi{u - v)f2{v). 



(14.26) 



As the simply laced case, we assume that (|14.25p can be analytically continued off 
the real axis of u until |5mM| <t~^. Then the sum after the shifts u — > M±t~^i=pOi 
eliminates the LHS, giving 



In 



yif)(K - l)Yi^\u +1)]=- In [(1 + nirii (")-') (1 + Y^nliu)-') 



{b,k)eHt 



(14.27) 



For simply laced algebras, Pab^{u) = 6mkS{u) by (|14.24p . and we are done. To 
illustrate the general case, take q — G2 with (a, 6) — (1,2) as an example. Then 
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{ta,tb) = (1,3) and (|14.16p reads 

Kfi^) = 'Plfix) = (e^ + 1 + e-^),53™,fc + S3rr.-2,k + 53m+2,fe 

+ (e^ + e~^){S3,n-i,k + S3„i+i,k), 

nfi-u) - {S{U - f ) + S{U) + Siu + f))S3,n,k + S{u){S3m-2,k + S3m+2,k) 
+ {S{U - f ) + 6{U + f ))((53,„^l^fc + Ssm+l.k)- 

If ln(l + y^^^''(u)) is analytic in the strip |3m7j| < iF^ and decays rapidly as \^cv\ — !• 

oo, one can shift the convolution integral / dvT''^{u — v )ln(l + yI^\v)) off the 
real axis of v to pick the support of delta functions. In this way the last term in 
(|14.27p gives the logarithm of 

(1 + {u f ))(1 + («))(! + {n + f ))(1 + Y^2_,{u)){l + Y^'2+2{u)) 
X (1 + Y^2-i {u - f ))(1 + Y^2-i (« + + Y^2+i {n - |))(1 + Y^2+i (« + f))- 

This is the numerator of the RHS in the first relation of the Y-system for G2 (|2.15p 

with the shift unit multiplied by i. 

The general case is similar and (|14.27p gives rise to the logarithmic form of the 

(restricted) Y-system for g. On account of p4.16p . in general it suffices to assume 

that ln(l + Ym\u)) is analytic in the strip |5mu| < !- and decays rapidly as 

|3fieM| — )- 00. 

If the analyticity argument can be left out, the Y-system is deduced more quickly 
from the TBA kernels in the Fourier space. In fact, one can start with the TBA 
equation (|15.12p without the 

^a-l 

5]^r(^)in(i + (r,^))-^)= E jrb\^)H^+yl:^)- (14.28) 

n=l (b,k)eHi 

Multiply with 2cosh(^) and use (|14.12p and (|14.19p to rearrange it slightly as 

2cosh(^)lnyif)= ^>rWln(l + n^'') 

(b,k)eH, (14 29) 

-ln[(l + (y„('!lir)(l + (>ltn ■ 

This is the Y-system if cosh(^) and V^ix) (|14.16p are regarded as the difference 
operators as mentioned after (|14.9p . 

We have demonstrated that the Y-system is a difference equation whose structure 
is governed by the TBA kernels. On the other hand, recall that Theorem 12.51 offers 
another route to obtain the Y-system by invoking its connection to the T-system. It 
is yet to be understood why the two "characterizations" of the Y-system coincide. 

14.4. Constant Y-system. In either unrestricted or level ^ restricted Y-system, 
one can discard the dependence of Ym^ (u) on u. The resulting algebraic equation on 
Ym^ = Ym^ (u) is called the unrestricted or level £ restricted constant Y-svsterrFI. 

35 Actually |Qmi;| < § for ln(l + Y^^{v)) and |Qmi;| < i for In(l -|- Y^^^-^{v)) suffice. 

According to our previous argument, it is actually more proper to suppress the LHS after 
multiplying 2 cosh (^p-). 

The level £ restricted constant Y-system here is the same with the one introduced in Section 

ED 
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The unrestricted constant Y-system for q is the set of algebraic equations on 
{rjf^ I (a,m) e H}. {H is defined in (|TXig|) .) 
For simply laced g, it has the form 



n 



.-l(l 



(14.30) 



where (Y^"''') ^ = 0. See (|2.1ip . The nonsimply laced case is similarly written down 
from (p:n)) - ((2T5)) . 
For = Br, 



2m+l) 



ii+Yt-'^)ii + Y,)r'') 
ii + iY^:ii)-'){i + {Yi%)-') 

(1 + Yi-'^)ii + r,(:l,)(i + r«)2(i + ri;„Vi) 



(a+l)N 



(1 < a < r - 2), 



il + iYi%'Y'){l + {Y:;[;n-') 



1 + Y 



(r-1) 



1 



W ^-l^ 

2m+ll ) 



(i+(>^2';^)-^)(i+(>^2*;V2)-^)' 



(14.31) 



For g = Cr, 



{Y, 



('■-1)n2 
2m ^ 



/y('-l)A2 
l-'2m+l ) 



(1 



(i+yir'^)(i + yr"^o 



(>;i"ii)-^)(i 

.(r-2)^ 



(>;i"ii)-^) 



(i + (>^2^r-V)-^)(i + (i^2':+iV^) 



1 + r^"-'^ 



(r)^2 _ 



' 2m 

.(r-1) 



2m+2 , 
('--1)n2/ 



(1 < a < r - 2), 



(14.32) 



(i+>^^)(i+i^ro^(i+i^) 
(i + (Fi:2i)-i)(i + (il':^i)-i) 
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For Q = Fa, 



(i + (>;i^2,)-)(i + (>;?ii)-) 

(y^^lr + + , (14.33) 

(i + (>^i:^-i)-^)(i + (>^i^Vi)-^) 

\2 _ ^ + -^2m+l 

V^2m+1^ 



1 + yif ^ 



(l + (>^2^:0-^)(l + (>^2^„V2)-^) 

{Yi'^r- 

For = G2, 



(i + (ilii)-^)(i + (>;i-li)-^) 
(1 + 4l2)(i + >^i™^-i)^(i + yi'Jm + Y,%,ni + y^'2^,) 



{i + {Yi,l\)-'){^ + {yinli)-') 



(2)n2 _ 1 + Ym 



K2) ^2 



^^""^^ (l + (>^3^.^)-)(l + (>^i^V2)-)' 



1 



(l + (^3m+l)"')(l + (^3m+3)~') 

(14.34) 



The level £ restricted eonstant Y-system for g is obtained from (|14.30p - (|14.34p 

tat 



by setting {Y^°'^) ^ = and naturally restrieting the variables {Ym'^ \ {a,m) € H} 



to {r,^,°^ I (a,m) e i/J. (iff is defined in !(T^ .) 

For the TBA analysis, it is useful to reeognize that the level £ restricted eonstant 
Y-system is expressed in terms of the 0th Fourier component {x ~ 0) of the TBA 
kernels. We prepare the notations for them. 

C'^„ = 2K:™"(0), (C,„)i<™.„<('„-i - Cartan matrix of (14.35) 

Kt = IC^tm = (min(ifcm, t.fc) - ^) (aja,), (14.36) 



r>7nk ^mk 



rZ\^) = 'fK^.uk+ E j('5i^(™+i)-,,.+%(™-iH,,J> (14.37) 

•^^a" = Jb^i^) = 9 X! C!knKTb" = SabSnik - T^NabPb^ = ~-GamM, (14.38) 



tb-ta 



where (|14.14p - (|14.19p are used. Gam,bk is defined in (jl3.5ip . The sum J2j=i in 

^mk r^km 

^ab — ^ba 



PT77| is to be understood as zero if ta > h as in pTTC)) . Note that = iC^^'" 
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but P^'' + and J^^*^ ^ J^l"^ ill general. We have P^'' e Z. From (flA35|) . the 
speciahzation x = of ()14.17p gives 

5]ir(0)C;j, = <S™fc. (14.39) 

Using Nab and P^'^ in the above, the level I restricted constant Y-system is 
expressed uniformly for all as 

= ((a,m)Gi?,), (14.40) 

where (i^J^"')^^ = 0. This is easily seen from (|14.29p . The unrestricted version is 
similarly presented by replacing iJf here with H . 

The level (. restricted constant Y-systcm is expressed in several guises: 

^a-l 

5]^r(o)in(i + (ri''))-i)= j:tm<i+Yi'^). (14.41) 

n=l (b,k)GHe 

f^'= n where /i") = (14.42) 

{b,k)eHe 1 + ^1 

The form (|14.4ip directly follows from (|14.28l) and shows up naturally as the TBA 
equation in a certain asymptotic limit. Sec (|15.18p . On the other hand, (|14.42p is 
deduced from (|14.35p and (|14.38p . It is related to the conjectural g-series formula 
[106] for the string function ° (g) [11] of the level i vacuum module of g up to a 
power of q: 

TT(l_^J)-rankB 1 (14,43) 

fA n(a.™)eH.(i - - • • • (1 - 1"-) 

The outer sum is over A^m ■* G Z>o such that J2{a m)eHi "^-^m ''ofa = A mod £ X^ae/ ^ ^aOia- 
In fact, the crude approximation of the cxtremum condition on the summand is 

which is cast into (jl4.42p upon setting ' = 1 — ' . 

The level (. restricted constant Y-systcm is the set of algebraic equations on 
the same number of unknowns {yif' | (a, m) € Hf}. With regard to its solution, 
the uniqueness of the positive real one (Theorem lS.ip is fundamental. The concrete 
construction of the solution is a subject of the subsequent sections 114.51 and 114.61 

14.5. Relation with Q-system. Recall that the unrestricted Q-system for g (|13.45p 
is 

{Qi^f-Q^;l^Q':X, + {Qt^f n Wi'V^"^-, (14.44) 

(&,fc)6_f/ 

where we have replaced the notation of the power Gam,bk by (|14.38p . Given £ & Z>i, 
we define the level i restricted Q-system for g to be the relations obtained from 
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()14.44p by restricting the variables Qm' to those with (a, m) G by imposing 
q[°^^ = 1. Thus it reads 

{Qt^Y = Qt\Qtli + {Qt^? n ^QT)-''^^- ioria,m)eH,. (14.45) 

{b,k)eHi 

Proposition 14.1. Suppose Qm'' satisfies the level £ restricted Q-system for g. 
Then 

^m-l'^rn+l 

is a solution of the level I restricted constant Y-system for q. The same holds 
between the unrestricted Q-system and the unrestricted constant Y-system if the 
product l\{b,k)eHt iU-46\ ) is replaced by n6e/,fc>i- 



This is a corollary (constant version) of Theorem 12.51 For instance in the re- 
stricted case, it can also be verified directly by noting 

l + {Yi^^r'= n (Qf i + Yt'=f[{Q^^^f''^, (f4.47) 

{b,n)eHe n=l 

where C^^ is defined by (|14.35p . By virtue of (|14.42p . the assertion is reduced to 

2^bT = Yln=l C'fcn-f^'^A^ which indeed holds by (flAaS)) . For g simply laced, HAMh 
reads 

'^rn-lWm + l 

14.6. at root of unity. We fix the level £ £ Z>i. Let x(Kj) be the character 

of the irreducible finite dimensional representation VL, of g with highest weight 
u> e J2aei '^>o^a- We introduce the following specialization of x(Kj): 

^. 7r{Q|a;-t-p) 



'.eA+ sill T+ft^ 



a 

where /i^ is the dual Coxeter number (j2.3p . A+ is the set of positive roots of g 

and p = 5Ea6A+ " = Eae/'^a- The quantity llaeA+ '^Mp)]^!"' a g-analog 
of the dimension of V^. Thus (|14.49p is the g-dimension at the root of unity q = 

By Proposition 113.101 we know that the classical character of the Kirillov- 
Reshetikhin module Q\n' = lesXqiWm^) satisfies the unrestricted Q-system. As 
shown in p3.62p and p3.59p . res Xq(VKm ■*) is a linear combination of various x(Kj)'s. 
The specialization of res Xg ( ) to the g-dimension will be denoted by dim^ res Wm'^ . 

By the definition, Qm^ = dim, res Wm^ still satisfies the unrestricted Q-system. 
Furthermore, it seems to match the level truncation as follows. 
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Conjecture 14.2. Qm'' = diniq res VFm ' satisfies the level £ restricted Q-system. 
More strongly, the following properties hold for any a €z I : 

Qi?;^ = Qt-m M0<m<4, (14.50) 

Qi?;^<Qin+i for Q<m<[lj2], (14.51) 

Qi"J+j =0 for l<j< tah'' - 1, (14.52) 
where is the largest integer not exceeding ial'^ (not q-integer) . 

Remark 14.3. Conjecture [H^l implies Q\n^ > for all (a,m) e He. Thus rjf' 
constructed by p4.46p with the substitution Qm^^ ~ dinig res Wm'' is real positive for 
all {a,m) £ Hf. Therefore it must coincide with the unique solution characterized 
in Theorem 1 5. II 



We note that (fTi3(I)) implies Q^"^ = = 1; therefore, j = 1 ease of pl3^ 
as well because of the Q-system relation (Q'fJ)'^ = Q^^LiQ^^+i + n&(^a)('9«6'') 
and the fact that 7^ by (|14.5ip . 

Example 14.4. For g = Ar, one has Qm' = dim^resWiif^ = dimqVmcu^ from 
(fTXP) . Thus 

a r+l-a ■ 7T{m+i+j-l) 

Qi^^=n n — ^ssv- (14.53) 

i=l J = l e+r+i 

The property (jl4.50p and qI^J > for (a, m) G -fff are easily checked. Substitution 
of this into (|14.48p gives the real positive solution of the level £ restricted constant 
Y-system: 

Tra • 7r(r+l — a) . 7r(a+7n) • TT{a+i—m) 

y^,)^ sm^sm^^ O^sm^ W^^^^T^ ^ (^454) 

Obviously (yJ^V^ = (f/°V^ = and > hold for {a,m) e iJ^. When 

r = 1, this reduces to ym^' in Example 15.31 



One of the most remarkable features of the level £ restricted constant Y-system 
and Q-system is their connection with the dilogarithm identity ()5.5p in Theorem l5.2l 
The LHS emerges from the TBA analysis (Section [T5|). The Ym^ in the dilogarithm 
is characterized by the Y-system as in Theorem l5.1l or constructed by the Q-system 
as in Remark 114.31 

14.7. Bibliographical notes. The idea of converting TBA equations into differ- 
ence equations (Y-system) as described in this section was put into practice by [3] 
for factorized scattering theories describing integrable perturbations of conformal 
field theories. The TBA equation treated there corresponds to the simply laced g 
with level £ = 2 in the terminology here up to the driving term. There are numerous 
Y-systems or related nonlinear integral equations in the similar TBA approaches 
to various integrable field theories, e.g. [3 [2651 EMI ESB EMI EMI EZQ|. The Y- 
systems considered here appear as typical building blocks in these theories in many 
cases. 
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There are also exotic variants and apphcations of Y-systems related to Takahashi- 
Suzuki's continued fraction TBA |271| in the context of polymers |272j . the sine- 
Gordon model |273| and the T-systcm for XXZ model [274] . Intricate examples of 
T and Y-systems are also worked out for the dilute Al models [275] . 

With regard to the Q-system, there are conjectures concerning more general 
specialization than dim^ and related dilogarithm sum rules. See [TJ appendix A], 
[I34l appendix D], [4] and HHIl section 1.4]. 

15. TBA ANALYSIS OF RSOS MODELS 

We digest the TBA analysis of the Uq{g) Bethc equation, which is a natural 
candidate for the level £ critical restricted solid-on-solid (RSOS) model associated 
with the representation W^^^ of Uqis) {£ G Z>i, (p,s) e He (Ul\i ]. The basic 
features of the model have been sketched in Section 13.31 The derivation of high 
temperature entropy and central charges in two critical regimes is outlined. The 
level £ restricted Q-system, the constant Y-system and the dilogarithm identity 
described in Sections 15.11 and ll4.4H14.51 plav a fundamental role. 

We make a uniform treatment for general g elucidating the origin of the Y- 
system. The results cover rational vertex models formally as the limit £ — > oo. The 
TBA equation ()15.13p also applies to a number of situations in other contexts, most 
notably, integrable perturbations of conformal field theories (cf. Section [T4?7]) with 
a suitable modification of the LHS. 

Apart from the relatively well known results in the ADE case, a curious aspect 
in nonsimply laced g is that the central charges in one of the regimes correspond 
to the Goddard-Kcnt-Olive construction of Virasoro modules |276| involving the 
embcddings 

Bi^^^DlZ, CM)^A^U Fi'^^E^^\ gW^bW. 

See (|15.28p - (|15.34p . These results have stimulated notable developments in crystal 
basis theory of quantum groups i262| . The content of this section is based on [59] 
for ADE case and [Hj for general g. 



15.1. TBA equation. We keep the notations t,ta,aa,C in (|2.ip - (|2.2p and L, £a, Hg 
in (jl4.ip - (|14.2p . The Bethe equation is the following for the unknowns {"^"''1 a G 
/, 1 < J < ria}: 

/ sinhj^(^")-7^^M \^ ^ - ^ sinh^(.;°)-4'')-V^(..K)) 

(15.1) 

Here Ua ~ Ns{C ^)ap as in p.5ip with {ri,Si) = {p,s) for all i, and fla is a root 
of unity without which (|15.ip is essentially the same as the Bethe equation for the 



vertex model (j8.25p a.t q = exv( ^^^j^ The Bethe equation (|15.ip is indeed valid 



[59] for Uq{A).'>) RSOS model 

It is a well known mystery that the TBA analysis yields supposedly correct 
results in the end despite that it involves arguments that can hardly be justified 
mathematicalljj3. Our arguments in the sequel are no exception. 



38 = f,-aa{H) jjj tjjg notation of (iii) in Section 1831 

'^^ A more reliable derivation based on T-system is given in Section 116.31 
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We employ a string hypothesis. Suppose that {u'f^\a G /, 1 < j < Ua} is 
approximately grouped as the union of {ul^'- + It^-"- (m + 1 — 2n)|l < n < 
m, 1 < j < Nm\u^^\ e E} and the rest. Here u'^^ is the center of a color a 
length m string and Nm^ is the number of such strings. Then the hypothesis is 
that limjv_j.oo X]m=i V"-a = 1 for all a G /. It means that for color a, only 
those strings with length < la contribute to the thermodynamic quantities. This 
is a peculiar feature in the RSOS model and one of the most significant effects of 
the phase factor fi^. Substituting the string forms into (|15.ip and taking product 
over the internal coordinate of strings, one gets 

N5a,Q':{ut\,^)^itl+ E E0r.'("S-4%Ki";>))- (15-2) 

bei 3=1 

l<k<li. 

Here G Z + constant, and 6™, Q™^ are defined by 

en., A) - ^ E m + ^^"7"^ + ' ' ' , (15.3) 

27rv^;^ sinh^(M + V^ia (to + 1 - 2n) + \/^A) 

k 

A) = eL"(u, A) = E + + 1 - 2j), A). (15.4) 

One assumes that each solution satisfying < u:,'^2 < ■ ■ ■ < ^*'°''^(a) corresponds 



r(a) , 7-(ci) , , 7-(a) 

m,l < An,2 < • • • < ^^^^ 



to an array such that /^^ ^ < ° j < • • • < I ^^(a) , and introduces the string density 



Pm (u) and the hole density ain (u) for u '-^ i with large enough N by 

Then p5.2p is converted into an integral equation. A little inspection of it shows a 
characteristic property cr^°''(u) ~ 0, which enables one to eliminate the density of 

the "longest strings" p^"^(u). For such calculations, it is convenient to work in the 
Fourier components. We attach " to them. See (|14.9p . We shall flexibly present 
formulas either in the Fourier or original variables. By means of the basic formulas 
(114.201) and (jl4.2ip , the resulting integral equation is expressed in the Fourier space 
aS 

SpaA;7{x) = ai:\x)+ E ICZ''{x)p['\x) for (a,m)Gi7,. (15.6) 

{b,k)eHt 

The "TBA kernels" AZ''{x), IC^'^ix), etc and their useful properties are summa- 
rized in Section [Ti^ By (jl4.17p and (|14.15p . (|15.6p is also written as 

^^^H^ = E^r(^)^^rH^)+ E Jatix)pi'\x) (15.7) 



^"The replacement £ ^ L in 1 114. 201 1 and 1114. 211 1 has become unnecessary here due to the 
eUmination of p^^\u). 
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for {a,m) e He. The equation (|15.6p or equivalently (|15.7p is the Bathe equation 
for the string and hole densities. 

We will actually consider the thermodynamics of the "quantum spin" chain as- 
sociated with the row to row transfer matrix Ts^\u) of the RSOS model. We chose 
its Hamiltonian density H as 

H = -^|^lnTWHU.„„ {e^±l), (15.8) 

where 7 > is a normalization constant and e = ±1 specifies the two criti- 
cal regimes in the RSOS model. The point uq is such that Ts^\uo) becomes a 
cyclic shift (generator of momentum) up to an overall multiple, i.e. p.50p be- 
comes {sca\ar)Y[i=iS\i.fii-iSai.Pi_i- In view of Section [8.31 it is natural to as- 
sume that the spectrum £ of H is obtained from the derivative of the top term 
Q„(u — -r)/Qp(u + therein up to an overall factor independent of the Bethe 

roots. Thus up to an additive constant we gei|fj 

<'p 

c £7 O 



m— 1 i—1 ^ 

-1 

£7 



(15.9) 

m=l "'00 P m=l 

where in the last step p^f^ (u) is eliminated as was done for (|15.6p . £0 is a constant 
whose concrete form ([HI (2.20)]) is irrelevant in what follows. On the other hand, 
the eigenvalues of the momentum density V is directly related to the top term itself, 
and is given as 



^ = 1^ E E f) - 2- E r '^"®"("' f)^™ (15.10) 

m=l i=l P m=l-^-°° P 



The Yang- Yang type entropy density S [6] responsible for the arrangement of 
strings and holes is 

/oo 
du{{pi^^ {u) + ai:'> {u)) ln(p(„") (u) + ai^^ [u)) 

(a^r,i)kUt (15.11) 

- pL"^ (") In Pi:^ (u) - {u) In (u)) . 

The thermal equilibrium condition at temperature T = j3^^ is obtained by de- 
manding that the free energy density T = E — TS be the extremum with re- 
spect to pm''(w), namely 6J-/6pm\u) — 0, under the constraint (|15.6p . Setting 
cTm\u) / prn\u) ~ cxp(/3em' (u) ) , thc rcsult rcads {{a,m) G Hg) 



4ip cosh(tp7ru/2) 



dvlCriu - v) ln(l + exp(/3e(f )(!,))) 

.00 (15-12) 
/ dvjrt''{u-v)\n{l + exp{~-l3ei'\v))). 



'^^ The sign (—1) in 1 115.81 1 is absent here since Ta^\u) is related to ^©^"(d, s/tp) I 



125 



The nonlinear integral equation (|15.12p is an example of the TBA equation, which 
serves as the basis in studying thermodynamic quantities. By using ()14.12|) and 
(|14.19|) it can be slightly rearranged as 



{b,k)eHe 



4tp ^ cosh(tp7rit/2) 



oo In 
dv — 

-oo 



1 + exp(/341i(«))) (1 + eMP^'nJ+iiv))) 



(a) 



dv- 



Ua ^ cosh(tQ7r(M - v) /2) 



Ata cosh(ia7r(u - w)/2) 



(15.13) 



When 5 is simply laced, one has T"Z^{u) = 5mk5{u) from (|14.24p and ()14.9p . There- 
fore (|15.13p simplifies considerably to 



In 



4 cosli(7rii/2) 



Ptt\u)- dv 



(l+exp(/3e^Li (^^))) (l+exp(/3e^^, (v))) 
n6e^(l+exp(-/3e<^'(t,)))""' 



4cosh(7r(u — v)/2) 



(15.14) 



15.2. High temperature entropy. The free energy density is expressed as 

£ —1 

J^^cSo-TY, / duA;";{u)\n{l+exp{-[3el^\u))) (15.15) 

m=l 

by means of (|15.12p . (|14.17p and (|14.18l) . Let us evaluate the high temperature 
limit of the entropy density 



^high 



lim — . 

T->oo T 



(15.16) 



When T — > oo, the leading part of the asymptotic of em\u) is expected to become 
independent of u. Thus we set Ym"^ — exp(— /3em^(u)) to be a constant and obtain 
from (|15.15l) that 

Here Ap^ (0) is the 0th Fourier component of {u) given by (|14.13p . Similarly 
the TBA equation (|15.12p tends to 



(15.18) 



This is the logarithmic form of the level (. restricted constant Y-systcm (jl4.41l) . 
Thus we employ the solution Q^n' = dim^ res Wm^ explained in Remark 114.31 con- 
structed from the (/-dimension at a root of unity (|14.49p . Substituting the latter 
formula in (|14.47p into (|15.17p and applying (|14.39p . we find 



(15.19) 



126 



This is consistent with the dimension of the space of states 3i{N) of the RSOS spin 
chain ([QQ]) . Namely, (|15.19p implies 

Urn (dim JC(iV)) = dim, res Vt^jP), (15.20) 
which agrees with p.54p . 



15.3. Central charges. The central charge c of the underlying conformal field 
theory is extracted from the low temperature asymptotics of the entropy as iSiow — 
[2771 1278] . where vp is the Fermi velocity of the low lying massless excitations. 
In each regime e = ±1, the result is expressed as 

^ = A E (Lif^:\oo))-L{f^H-^))), (15.21) 



where L(x) is the Rogers dilogarithm (|5.ip . The number fm\oo) is the positive 
real solution of ln/m''(oo) = J2{b k)eHc ^^a6*''l^^(l ~ fk'H'^)) the both regimes 
e = ±1, where K^'' is the 0th Fourier component of /C™^'' (|14.36p . By TheoremO 
fm \oo) equals /m'' in (|14.42p constructed from the unique real positive solution of 
the level £ restricted constant Y-systcm for q. 

One the other hand, the numbers fm\~oo) are to satisfy formally the same 
equation ln/m'(— oo) = J2{b k)eHc ^'^ah' ^^^(^ ~ fk'\~'°°)) with extra condition 

fm\^oo) = (1 — e)/2 for (a, m) G i?| in the regime e — ±1. Here the subset 
of Hi is specified as 

H+ = {(p, m) I 1 < m < £p - 1}, (15.22) 
i77 = <^ \ *V *" 15.23 

H{p, s) = {(a, ^) , (a, ^ + 1) I a G /, = 1} 

U {(a, s - So), (a, s), (a, s - sq + tp) \ a e /, = ip}, 
s = So mod ip, 1 < so < — 1- 

Consequently, the equations governing the remaining /m^(— oo)'s are split into the 
subsets corresponding to the complement He\Hf. Their solutions are obtained by 
restricted constant Y-system associated with various subalgebras of g and levels. 
The detail can be found in [THl section 3]. In any case, the dilogarithm identity 
(j5.5p suffices to evaluate the sum (jl5.21l) . Below we list the results using the RHS 
of (|53|) 

A0,^) = ^^-rankg (15.24) 

as the building block. 

Regime e = +1. 
= Ar, 

C{ArJ) - C{Ap^iJ) - C{Ar^pJ) l<p<r. 



C{Br,t) - C[Ap^u e) - £{Br-p, e) l<p<r-2, 

C{Br,e) - L{Ap_i,i) - £(A-p, 2^) p - r - 1, r. 

= C{CrA) ~ C{Aj,^i,2l) - C[Cr-pJ) l<p<r. 

C{Dr, I) - C{Ap_i,l) - C{Dr-p, I) 1 < p < r - 2, 

C{Dr,l)~ C{Ar-ul) p = r-\,r. 

= CiEe,i)~CiAue)~CiAi,£) p = 2,5, 

= CiEe,£)-2CiA2,£)-CiAi,e) p = 3, 

= C{Ee,£)-CiA5,£) p = 4. 



C{Et,£) 


-C{De,£ 


C{Er,£) 


-C{A,,£] 


C{Er,£) 


-C{Ai,£] 


C{Er,£) 


-C{Ai,£] 


C{Er,£) 


-CiA,,£] 


C{Et,£) 


~CiEe,£] 


C{Et,£) 


-C{Ae,£: 


C{EsJ) 


-C{Ej,£] 


C{Es,£) 


-C{Ai,£] 


C{Es,£) 


-CiA2,£] 


C{Es,£) 


-C{As,£] 


C{Es,£) 


-C{Ai,£] 


C{Es,£) 


-C{Ae,£] 


C{Es,£) 


-CiDj,£ 


C{Es,£) 


-CiAr,£] 



p = l, 

-CiA5,£) p = 2, 

-C(A2,£)~£{A3,£) p = 3, 
-£(^12,^) P = 4, 

-C{D5,£) p = 5, 

p = 6, 
p = 7. 





p = 


1, 


C{Ee,£) 


p = 


2, 


C{D^.£) 


p = 


3, 


C{A^.£) 


p = 


4, 


C{A2,£)~ C{A^,£) 


P = 


5, 


C{A^,£) 


P = 


6, 




P = 


7, 




P = 


8. 



c = C{Fi,£)- C[Cz,£) p=l, 
^ C{Fi, £) - C{Aj,^u £) - C{Ai^p, 2£) p = 2, 3, 
= CiFi,£)-C{B3,£) p = A. 
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= G2, 



^CiG2j)-CiA,,e) p = 2. 



Regime e = — 1. If G Z, the central charge is given by 



c = Cig,-] +C[9,£- - ] -£(0,^)+ ranks 



tr 



This is the value corresponding to the coset pair 



level £ - 



© 30 

tp tp 



(15.25) 
(15.26) 



The situation j- ^ Z can take place in nonsimply laced algebras. The central 
charges for such cases are given as follows. 

= (p = r, 1 < s < 2f - 1, s e 2Z + 1), 



c = C[ B, 



s-1 



1 



C{Br,e) + 2r + l. 



This value corresponds to the following coset pair via the embedding Br^-* 

level ^ 1 t 

2 2 

= (1 < p < r - 1, 1 < s < 2£ - 1, s e 2Z + 1), 



(15.27) 
(15.28) 



s-1 



s + l 



C{CrA) + ir - 1. 



(15.29) 



This value corresponds to the following coset pair via the embedding Cr^^ ^ ^2r-i- 



level i 



■s + 1 s-1 



A. 



(1) 

2r-l 



(15.30) 



2 2 

g = F4 (p = 3,4, 1 < s < 2^- 1, s e 2Z + 1), 



= C\F, 



s - 1 



1 



-CiFi,£) + 10. 



(15.31) 



This value corresponds to the following coset pair via the embedding Fj^-* ^ E^^^ 



F, 



(1) 



level I - 



4 

s + l 



s-1 



1 



4 ^ -^6 ■ 

(15.32) 



2 2 

= G2 (p = 2, 1 < s < 3^ - 1, s = so mod 3, so = 1, 2), 

s - So 



= C\G 



C\G2,l-^-^ - I] +/:(Ai,2)-£(G2,^) + 5. (15.33) 
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This value corresponds to the fohowing coset pair via the embedding ^ ^3 • 

G^'' ® G'i^ e B'i^ D G^'' (15.34) 

level e-'—^-l '—^ 1 L 
3 3 

In (|15.27p . (|15.29p . (|15.3ip . (|15.33p . the contributions 2r+ 1, 3r- 1, 10, 5 other than 
the dilogarithm C are equal to \H{p^s)\ in (|15.23p . 

These values of the central charges and coset pairs are consistent with the analy- 
ses of RSOS models [551 [5S1 [?75] by Baxter's corner transfer matrix method [2]. For 
Ar level £, the central charges in regime e = +1 and e = — 1 are transformed to each 
other via the interchange (r — l,£,p, s) o {£,r — l,s,p), which is a manifestation 
of the level-rank duality ^ [5^1^. 

So far we have considered the N site RSOS chain with the homogeneous quan- 
tum space, namely the one corresponding to (Ws^^^)^^ in the dual picture of vertex 
models. One can extend the whole analysis to the inhomogeneous case correspond- 
ing to (VFif'^ • • • ® ))®^'. Then the LHS of (fTST^ becomes non vanishing 
for (a, m) = (pi, si), . . . , {pk,Sk), and in p5.22p and (|15.23p gets replaced by 
^i=i{Hg for {pi, Si)). As the result, a broad list of central charges is realized, e.g. 
the coset pair (g)®'^"'"^ D q for ADE case in the regime e = —1. For more details see 
[T51 section 4.2]. Such a generalization has also been consistently incorporated into 
the crystal basis theory of one dimensional configuration sums [2621 section 3.2]. 

16. T-SYSTEM IN USE 

Here we present various applications of the T and Y-systems to solvable lattice 
models. 

16.1. Correlation lengths of vertex models. The correlation length ^ is the 
simplest quantity to characterize ordered states. It is evaluated from the energy gap, 
which needs a lengthy calculation in the Bethe ansatz approach. As an application 
of the T-system for transfer matrices, we will demonstrate a quick derivation of ^ 
[2811 1134j based on the "periodicity at level 0" . 

We consider the vertex models associated with quantum affinc algebra Uq{Q). 
The row transfer matrix Tm\u) is given by (j3.44p . We employ the parameterization 
q = e~^^* with A > 0, where t = 1, 2, 3 is defined in (j2.ip . To simplify the argument, 
we consider the homogeneous case (r^, Si, Wi) = {p, s, 1) for all i, thus Tm\u) acts 
on the quantum space Ws^\o)'^^ . We assume that tp = 1 and the system size N 
is even. Possible vertex configurations and the Boltzmann weights are explicitly 
given in p.ip for Uq{A^^'^) for instance. The vertex weights associated to J7g(0) 
with Q other than Ai have also been written down explicitly in some cases |491l48j . 
Based on the concrete example from the Uq{A^^'^) case, we assume that there is a 
range of the spectral parameter u in which the model is in anti-ferroelectric order 
in the sense that those features explained below are realizecQ. For a more detailed 
account, see [1341 section 2.1]. 

In the ordered regime, the ground state and the first excited state are almost 
degenerate. The relevant energy gap is thus given by the energy difference between 



^■^In the parameterization I I3.1I I for Uq{A^^ ') case, the range is —1 < ti < 0. We assume the 
same range for general Uq{g) leaving the precise Boltzmann weights corresponding to it unspecified. 
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the ground state and the 2nd excited state(s). Let Tground and T2nd be the corre- 
spondmg eigenvalues of the transfer matrix. Consequently, 1/C = hi(T'gi.ound/T2nd)- 
We will show that ^ is given as 

where k {0 < k < 1) is determined by the data Uq{Q) as 

K'jk) _ XK^ 
K{k) ~ IT ' 

where is the dual Coxeter number of g (|2.3I) as before. K{k) {K'{k)) stands for 
the complete elliptic integral of the first (second) kind with modulus k. 
Recall that the unrestricted T-system for g (|2.22[) has the form 

where the scalar function gm\u) depends on the normalization of vertex weights. 
The factor M^\u) is a product of T^^^'s. We assume m € ia^>o and denote the 
eigenvalues of Tm\u) also by the same symbol. For the ground state in the anti- 
ferroelectric regime, the second term on the RHS is exponentially larger than the 
first. So it is a good approximation to drop the first term on the RHS. The same 
is true for the second excited state(s). Let Lm\u) be the ratio of the eigenvalues 

= (T,lrH«))2nd/(T(r)(«))g,ound. 

Then the above argument implies that it satisfies 

l(^) {u-i^)Ll?,\u+^)= M^^ (u) |^^(., . (16.2) 

This is regarded as the level zero restricted T-system. From (|2.4p - (|2.10p . one can 
check that it closes among those Lm\uYs with m e ia^>o- Moreover it enforces 
the following periodicity. (See also p.55p .) 

Proposition 16.1 ([TJ, Theorem 8.8). Suppose that Lm\u) satisfies il6.S\) . Then 
the relation 

is valid for m G ia^>o- Here lo is the involution on the index set I such that 
u){a) — a except for the following cases (see Fig [7|F^; 

= Ar, uj{a) = r + I - a, 

Q ~ Dr (r: odd), uj{r — 1) = r, uj{r) ~ r — 1, 

= Ee, w(l) = 6, Lu{2) ^ 5, a;(5) = 2, a;(6) = I. 

In particular, Lm\u) = Lm\u + 2/i^) holds. 

See also |1341 appendix A] for some manipulation leading to the above result. 
Below we only consider a such that a;(a) = a. Obviously L^n (u) has another 
periodicity in the imaginary direction 

LL")(«)^iL")(u + ^) 
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For g = Dr {r: even), we set u]{a) = a for any a a I. 
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because the vertex weights are rational lunctions oi z = g*" = e We thus 
conclude that Lm\u) is doubly periodic. Introduce two further functions hi, /12 by 

hi{u, uq) = y/k sn^- — uo)^ , 

/l2(w, Uq) ~ Vk Sn^- ~ + h^)^ ■ 

These are meromorphic, 2/i^-periodic, ^-anti-periodic functions of u and satisfy 
hj{u,uo)hj{u + h'^ ,un) = 1 {j = 1,2). 

We note also that hi{u,uo){h2{u,uo)) has one simple zero (pole) and no poles 
(zeros) in the rectangle := [0,hy) x [0,27ri/A) for u — uq G fl. We denote by 
{uz}, {tip} the set of zcrot@ and poles of Lm\u) in ft, respectively. The ratio 
defined below is analytic and non-zero for < 5Re u < /i^ . 

h(u) — 



Uu, hi{u,U;,)l\^^ h2{u,Up)' 
Furthermore we have 

h{u)h{u + h"^) ^ 1. (16.3) 

The Liouville theorem and (|16.3p claim that h{u) = ±1. We thus obtain the 
representation 

Li^\u) = ±l[Vk sn[^^^{u - u.)) n Vk sn(^^^(« -u, + h^)). 

«2 Up 

The lower excited states arc described by only two zeros. The above expression is 
then simplified to 

Li-J{u)=£i^Hu;ui,U2) :=±fcsn(^^ffl(u-wi)) sn(^^^^^{u- U2)) . (16.4) 

The locations of these zeros label the excitations. The energy levels are almost 
degenerate with slight change in the locations of zeros. Thus, we observe the band 
structure of second excited states. The correlation function G{R) must sum up all 
the contributions from the band |282j as 

G(i?) - G(oo) ~ J dui J du2 piui,U2)(^Cl^\u;ui,U2)j ■ 

By p{ui,U2) we mean some weight function whose explicit form is not necessary 
for our argument. Substitution of ()16.4p to the above leads to 

G(i?) - G(oo) ~ const • /c^, 

showing (|16.ip . 



■^^In the Bethe ansatz, these zeros show up as "holes" . 
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16.2. Finite size corrections. Evaluation of finite size corrections to the energy 
spectra of the Hamiltonian or the free energy provides information on the critical 
behavior such as central charges and scaling dimensions |2781 12771 1283] . Numeri- 
cal approaches often suffer from the smallncss of system size and other technical 
problems such as logarithmic corrections. The evaluation of finite size corrections 
is a non trivial problem even for intcgrablc models. The Bcthc equation is highly 
transcendental and it simplifies only in the thermodynamics limit to an integral 
equation. For an arbitrary given system size, it is not possible in general to find 
the exact locations of the Bethe roots. Nevertheless, there are successful results 
in deriving finite size corrections based on clever manipulations of Bethe equa- 
tions |2841 1285[ I286| 1287] . Here we demonstrate yet another method utilizing the 
T-system in place of the Bethe equation following |288| [7] . 

As a concrete example we treat a level i critical RSOS model associated with A^^"* 
in Section [H75I43.6I {i £ Z>2). Local states on lattice sites range over {1,2, . . . , £ + 
1}. We consider the fusion model in which any neighboring pair of local states 
is s-admissible (1 < s < £—1). See (|3.34p and (|3.35p for the definition of the 
admissibility. The transfer matrix Tsiu) is defined by (|3.38p with m, s; and Vi 
replaced by s, s and 0, respectively. We assume the system size N is even and 
treat the range — 2 < w < (referred to as the regime III/IV critical line [34]) for 
simplicity. We set 

a = e'\ A 



£ + 2' 

in the RSOS Boltzmann weights according to p.33p . 

Although we are concerned with such an isotropic model, the key in our approach 
is to embed it in a family of models in which the admissibility (fusion degree) 
conditions in the horizontal and vertical directions can be different. We consider 
the level ^ fusion RSOS model [35] in which neighboring states in the horizontal 
direction arc s-admissible while those in the vertical direction are m-admissible. 
The corresponding transfer matrix is denoted by Tm{u) and depicted in (j3.38p with 
Si ~ s and = 0. The evaluation of the finite size correction to the largest 
eigenvalue of Ts{u) utilizing the restricted T-system among {Tj{u)} will be the 
main issue in the sequel. 

First we need to fix the normalizations. Let Wi^s be the RSOS Boltzmann 
weights obtained by the s-fold fusion in the horizontal direction (cf. p.24p '). Our 
normalization is such that 



M^i,. 



a + s — 1 a— 1 
a + s a 



[u + s + 1], 



1/2 



[2], 



,1/2 



See (j3.33p for the symbol [u]^i/2. From now on we use x ~ (u + l)i as the spectral 
parameter, and Tm{u) will also be written as Tm{x). We furthermore define the 
normalized transfer matrices by Tq{x) = 1 and 

\T„i[x) 1 <m< s, 

^ s + l<m<e, 

I nr=i </'(^+(™-s+i-2j)i) ' - - ' 



where we have introduced 



/sinh^x w 
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Thanks to these normahzations Tj{x) is of degree N miii{j, s) m [ix + ■ ■ ■ ]qi/2 for 
1 < J < ^- One then obtains the level £ restricted T-system for q = Ai 

f,{x - i)f,{x + = /,(.T)T,_i(a;)f,+i(.T) + g,{x) (1 < j < £ - 1). (16.5) 

Here the scalar factors arc given by fj{x) — (f){xY^^ and 

min(j,s) — 1 

9jix)= n (t){x + {s + j -2k)i)(j){x~ {s + j -2k)i). 
Numerical calculations for small system sizes suggest the following analyticity of 

Assumption 16.2. Tj{x) (1 < j < i) is analytic and nonzero in the strip |9mx| < 
1. 



Wc then construct (x) (1 < j < £ — 1) b; 
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y,(.)==M^&iM±iM. (16.6) 

This leads to the Y-system 

Y,{x-i)Y,{x + i)^il + Yj^i{x)){l+Yj+iix)) {l<j<e-l), (16.7) 

where Yo{x) ~ Y({x) = 0. The assumption on Tj{x) is inherited to the analyticity 
of Yj{x) except for Ys{x): Ys{x) has order N zero at the origin due to fs{x). We 
thus define the modified Y by 

Then the above assumption is rephrased as follows. 

Assumption 16.3. Yj{x) (1 < j < £ — 1) is analytic and nonzero in the strip 
|5ma;| < 1. Also, 1 + Yj{x) is analytic and nonzero in the strip |3ma;| < e for small 
positive e. 

Y and Y satisfy 

Y,ix - i)Y,{x + ^) = (1 + y;-i(.T))(l + r,+i(x)), (16.9) 

where a simple identity tanli j{x — i) tanh j{x + i) = —1 is used. With the above 
analyticity assumption, one can apply the Fourier transformation to the logarith- 
mic derivative of the Y-svsterrF^. After solving it with respect to the logarithmic 
derivative of Inl^, the inverse Fourier transformation followed by an integration 
converts the Y-system into the coupled integral equation (1<J<£— 1): 

\nY,{x)^6,s Intanh^ — + / K{x - x') ln[(l + y,_i(x'))(l + Y,+i{x'))] — , 

(16.10) 



^^We employ the inverse of l|2.24p to make the resulting integral equation suitable for numerical 
investigations. 

^*'The derivative here is not essential. It is done just in order to ensure the convergence. 
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The integration constant turns out to be zero due to the asymptotic values 

sin(ji?) sin((j + 2)^) 

Yj{oo) = r^- =:tU,i?) (16.12) 

sm V 

with I? = Up to the driving term, ()16.10|) coincides with the thermodynamic 
Bethe ansatz (TBA) equation ()15.14p for g ~ Ai although they originate from com- 
pletely different contexts. The asymptotic value (|16.12p is an example of solutions 
to the constant Y-system. See Example 15.31 and Example 114.41 

Once Yj(x) is obtained from (jl6.10p . the quantity Ts{x) in question can be 
evaluated by using the relation 

Ts{x ~ i)T,{x + i)= gs{x){l + Ys{x)). (16.13) 

Note Ts{x) = Ts{x). As numerical data tells |Ki(a;)| ^ 1, the bulk contribution 
T^''^^{x) is determined by T]^""'(x - i)T^''^^{x + i) = gs{x). To separate the bulk 
part and finite size correction, let Ts{x) = T]'"i''(x)rj^'^"°(a;). Then (|16.13p yields 

InTb^ik^T^ - N r sinhsfccosli(^+l-s)fc 
^""^^ ^""'-'^ fcsinh2fcsinh(€ + 2)/fc ' 

InTf "*<=(x) = / K(x - x') ln(l + Ys{x'))^. 

So far, all the relations are valid for arbitrary even TV. We now proceed to the 
evaluation of lnTf"'"=(x) in the large N limit for .t - 0(1). The main contribution 
to the integrals in (|16.10p comes from x' ~ ±^\n2N. Thus it is convenient to 
introduce 

yf{e)-~ lim Y,f±-(6' + ln2Ar)^ 

The evenness of the original Yj as a function of x implies (9) = yj (9) . We then 
arrive at simpler expressions for N sufficiently large: 

/oo inr 
Kg{9 - 9')\n[{l + 2;j_i(0'))(l + y^dO'))] — , 

fi„=,,/26'\ 2cosh6' f°° n, , ,,,d9' 
V TT / N 27r 

where Kg{9) := ^K{^6) = ^^^^ g . The first equation exactly coincides with the 
TBA equation in the low temperature limit. Thus the dilogarithm trick (cf. [7J 
section 3.3], |134[ section 3.2]) is naturally applied to evaluate InTf '"*''(a;). The 
final result of the finite size correction to the largest eigenvalue of Tg (x) is given by 



I nfinite, ' / ( '"^^ ' -^:iJ^]dy 



29\ cosh9iiA fyt'^°°K\n{l + y) \ny 



-1 



oo) ^ y 1 + y 



cosh 6' 
ttN ^ 

cosh 6* / 3s 6s \ 7rcosh6' 

c. 



6A^ Vs + 2 (£ + 2)(^ + 2-s)/ ' 6iV 
Here i+(j/) is related to the Rogers dilogarithm i(j/) in (|5.ip by 

i+(2/) = L(-^) = L(l)-L(, ^ ^ 



(16.14) 



1 + 2/ 1 + y 
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We have also used Vj'ioo) = Yj{oo) — L{j, j^) as in (|16.12l) while 



Then the dilogarithm identity (|5.7p is applied. The quantity c in the last expression 
in (|16.14p is regarded as the central charge |277j . This value agrees with the TBA 
result ()15.25p obtained from the low temperature specific heat with = ^1 and 
p=l,tp = l. 

The above argument can be generalized to calculate the finite size correction in 
excited states with suitable modifications. The major difference from the ground 
state case is that Assumption 116.31 does not hold any longer. Instead, we assume 
the following for low lying excited states. 

Assumption 16.4. There are finitely many zeros {za^} of Tj{x) in the strip 
|S5m2;| < 1. 

Letting the zeros of Tj(x) in the strip be {za^}^ we modify (|16.8p as 



Y,{x) = y,(z)(tanh Jx)^^- J] ^^^^^^i^ " 4^"'^) H ^^^^ f ( 



x-z['+^^) 



which still satisfies (|16.9|) . Then it is straightforward to derive the following equa- 
tion valid for arbitrary N 

\nYj{x) — Dj + Sjs Intanh^ —x 



4 



In tanh j (x - z^f " ) + ^ In tanh j ( 



x-zi'+'^) 



K{x - x') ln[(l + lS-_i(.x'))(l + r,+i(x'))]^. (16.15) 

The integration constant Dj takes account of the branch of In tanh and it must 
be fixed case by case. For low lying excitations in the thermodynamic limit, it is 
reasonable to assume {za'^l ^ 1. Thus we employ the parameterization 



z. 



0") ^ / f + In 2^) for z^'> » 1 ( 1 < a < n^'^ ) , 
+ ln2iV) forzi"''^ < -1 (1 < a < n^l'^) 



where n^"* denotes the number of Zq near ±^ ln2iV. Then (|16.15p is reduced in 
the limit iV 00 to 

Inyj(^) = - S,se~' + ^ In tanh 1(0 - el^-^-)) + ^ In tanh 1(0 ~ 0^;+/)) 

The constants can be in general different and depend on n'£\ etc. 

The subsidiary conditions Tj{za^) = must also be satisfied. This is rephrased 
as Yj{za^ + ?■) = — 1 or equivalently 



+ / Ke{e^e')H{i + y]_^{e')){i + y]+,{e'))]—. (I6.16) 
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in terms of the branch cut integers Thanks to (|16.16p . this is rewritten as 

1 Hf) 
J-— -H{l + y]_,{e)){l+y]^,{e))] 



-oo sinh(6'a;e - 9 - ie 
= + l)7r + iD) - 5j,e 



27r 



+ i In tanh — ^ " ''^ 4!*) ^ * 5Z tanh ^ — ^ 2~~~ 

a' a' 

(16.17) 

where e' > is infinitesimally smaU. The finite part of the eigenvalue is now given 

by 

Ahhough the expressions are more involved than the ground state case, one can stiU 
apply the dilogarithm trick to evaluate the above. In particular, (|16.17p and the 
elementary relations (In tanh |)' — 1/ sinhx and lntanh(a-+^)+lntanh(— a;+^) = 
TTJ are useful. The final result reads 

c=± j = l ' ' 

- 27rn(j')?i:»j - 2tt^ ^{'^I'^H + 1)) • (16.18) 

Q = l 

The above derivation is based on the first principle. However it lacks a general 
prescription to determine the integration constants and to choose the branch cut 
integers. With regard to this, an interesting observation has been made in [71 
I289| . It is possible to absorb the additional driving terms in (|16.15p to integrals by 
adopting deformed contours Cj as 

h\Yj{x) = Dj + 6js Intanh^ —x 

+ [ A>-x')ln(l + r,_i(x-'))+ / A>-x')ln(l + r,+i(x'))'^'^' 



Then the evaluation of the finite size correction goes parallel to the case of the 
largest eigenstate. The differences lie in the asymptotic values of yj(x) and the 
non trivial homotopy in the integration contours of Cj. The authors of [71 1289] 
have found empirical rules for the choice of homotopy and integration constants to 
reproduce known scaling dimensions from conformal field theories. 

We have seen that the T-system provides an efficient tool in the analysis of 
finite size corrections. It enables one to analytically calculate the central charge 
(jl6.14p in the ground state. The scaling dimensions of relevant operators can also 
be obtained by use of the result in excited states (|16.18p . The above calculation 
of the finite size correction of the largest eigenvalue has been generalized to RSOS 
models associated with g in |134l section 3] up to analyticity argument on auxiliary 
functions. 
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16.3. Quantum transfer matrix approach. According to Matsubara, finite size 
corrections and low temperature asymptotics are dual pictures of the same physical 
characteristics of a two dimensional system on an infinite cylinder of circumference 
N = (3. Here N is the system size in the former picture and /3 is the inverse 
temperature in the latter. Our analyses of the Uq{A^i'') RSOS model in Section [TSl 
and Section [1621 have been done along these two points of view. What is remarkable 
there is that beyond the formal coincidence of the two pictures, the two entirely 
different approaches end up with essentially the same integral equation of TEA 
type. One then expects a framework to treat the finite temperature problem in the 
same manner as the finite size corrections without recourse to string hypothesis. 
As we will sec in the sequel, the Quantum Transfer Matrix (QTM) approach [290] 
offers such a scheme. For a further detail, see the recent reviews |291[ 1292] . 

QTM utilizes the equivalence between d + 1 dimensional classical models and d 
dimensional quantum system [293]. To be concrete, we argue along the ID spin 
1/2 XXZ model as a prototypical integrable lattice system. 

N N 

^ = I E(->^i + + + 1))= E (16.19) 

where cr" (a = x, y, z) are the Pauli matrices. The periodic boundary condition im- 
plies o'^^-y = a\. The anisotropy is parameterized as A = cos A. The Hamiltonian 
acts on "the physical space" Fphys := ®^j=\ where Vj denotes the jth copy of 
= Ce-|_ © Ce_. The main subject here is to calculate the partition function 
exactly 

Zid(/?,A^) = Try^,^^e-'^«. 
It would be nice if this task can be done for any finite A^, although we do not have 
a satisfactory progress at present. We thus concentrate on the evaluation of the 
free energy per site in the thermodynamic limit 

We introduce the six vertex model on the 2D square lattice. Let R{u, v) be the 
Ug{A'{^) R matrix ( in a convention different from p.ip ): 

/a{u,v) \ 

h{u,v) c(u,v) 

c~^{u,v) b{u,v) 

\ a{u,v)J 



R{u, v) 



I . [2 + u-t;]i/2 [u-w] 1/2 

Define the matrix element by 

R{u,v)= ^ Rjl{u,v)Ea,f)(8)E^^5. 

a, /3, 7, 5=1, 2 

The index 1(2) refers to e+(e_) in Fig. [3) The arrows are assigned in order 
to distinguish this R matrix from other R matrices that will appear below. By 
Rj,j+i (u, v) we mean the R matrix acting non trivially only on the tensor product 
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Figure 4. A graphic representation for R'^J{u^v). The spectral 
parameter u [v) is associated to horizontal (vertical) lines. 
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Figure 5. A graphic representation for R'^]{u,v). The spectral 
parameter u (v) is associated to horizontal (vertical) lines. 



Vj{u) (g) Vj+i{v). We introduce the row to row (RTR) transfer matrix Tr.tr(u) G 
End(Vphys) by 

Trtr(w) = Tra {Ra,N{u, 0)Ra.N-i{u, 0) • • • i?a,i(u, 0)), (16.20) 

where the subscript "a" stands for the auxiliary space. With the lattice translation 
e^^ shifting the sites by one, the Baxter-Liischer formula [55] 

\u 

rR.TR(w) = e^^(l + -— H + Oiu^)) (16.21) 
J sm A 

holds. With a rotated R matrix R'^]{u,v) = Rjj^{v,u) (Fig. [5]), we introduce a 
rotated transfer matrix T^Tuiu) € End(Vphys) by 

?RTr(m) = Tra {Ra.N{~U,0)Ra.N-l{-U,0) ■ ■ ■ Ra,l{~U, 0)) . 

The expansion analogous to (|16.2ip holds as rR.TR(u) = e-'^ {l + j^n + 0{u'^)) . 
We thus obtain an important identity 

Zid(/3, N) = Try^,^^e-^« = Jirn^ Try^,,^ (t^ouUc{u = um)^) , (16.22) 



139 











-a — —I 


u ' 


L 








i 


\ 






-^3 — —I 


i 

u 


: 










My 


^ 0^ 


' 0' 





Figure 6. Fictitious two dimensional system 



where Tdoubic(w) := 7R,TR(it)rRTR(w) and 



UM 



/3Jsin A 
MX ■ 



(16.23) 



The RHS of ()16.22p can be interpreted as a partition function of a 2D classical 
system defined on M x N sites (Fig. |6]) 



lim Z2d classical (M,A^,U A/). 



This embodies the equivalence between d + 1 dimensional classical models and d 
dimensional quantum system for d = 1. Since the spectra of rdoubic(u) is gapless, 
we still need a trick to evaluate ^2d classical (-M, N,um)- 

We follow the observation in |290| and consider the transfer matrix propagating 
in the horizontal direction, that is, TQ^^^iu = um) which acts on a virtual space of 
size M. It was shown that this transfer matrix possesses a gap between the largest 
(Aq) and the other eigenvalues A^- (j > 1). This is a crucial benefit, as one only has 
to consider the largest eigenvalue to evaluate the free energy in the thermodynamic 
limit 



lim Z, 

Af-i 



= lim (A, 



2d classical (^'A N,Um) 

"■ Af+ ' 



lim 



N 



" = Um Ao 



1 



\ A ' 



lim Aq 



Although we have made use of the integrability for simplicity in the above argument, 
the same conclusion can be proved in a more general setting. 

Theorem 16.5 ( |290] ). Let Aq he the largest eigenvalue o/Tq^ym- Then the free 
energy per site is given by 



f = -4 lim InAo. 



(16.24) 



Two problems are still to be overcome. First we must evaluate the largest eigen- 
value of ?Qrpj^(MM) in which interaction depends on the fictitious system size M. 
Second we must take the "Trotter limit" M — >■ oo. Both of these are highly non- 
trivial. Nevertheless we stress the above formulation makes it clear why the finite 
size correction and the finite temperature problem can be treated in the same way. 
To disentangle the difficulties, we introduce a slight generalization, a commuting 
QTM TQTM(a;, u), by assigning the parameter ix in the "horizontal" direction [294) . 
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parameter u (v) is associated to horizontal (vertical) lines. 



We let the transposed R matrix R*^.{u,v) [215] be = iT!^^(u,u). See 

Fig.[2l Then TQTM(2;,it) is defined by 

TqTuix, u) = Trci {RaKiiix, -u)R\j^j^^{ix, u) ■ ■ ■ Ra2{ix, ~u)Rl^{ix, u)). (16.25) 

The parameter u will always be set to um (|16.23p . thus we drop its dependence 
hereafter. It is the new parameter x that will play the role of a spectral parameter 
instead. By this we mean that two QTMs with different values of x are intertwined 
by the same R matrix 

Ra,a'{ix,iy)Ta{x) ®Ta'{x') = Ta{x') ® Ta- {x)RaM' {ix , ly) ■ 

Here Ta{x) denotes the monodromy matrix associated to rQTM(a;, um)- The proof 
is elementary. Now we are able to introduce the fusion hierarchy of commuting 
transfer matrices Tj{x) which contains TQTM(a;, um) as the first member. (The 
WA/-dependence will be suppressed.) By the construction, they satisfy the T-system 

Tj{x - i)Tj{x + Tj^i{x)Tj+i{x) + gj{x), 

where gj{x) = Tq{x + (j + l)i)ro(x' — (j + l)i) with 

/ sinh \ — 

n{x)^4>{x + {l + UM)i)4>{x-{l + UM)i), 4>{x) ^ ( . " I ' ■ (16.26) 

V sm A / 

As in Section [16.21 we need assumptions on the analyticity of Tjix). For simplicity 
we consider the case A — > for a moment. Then the numerical analysis suggests 

Conjecture 16.6. The zeros ofTj{x) are distributed almost on the line |5ma::| = 
J + 1 • 

We set Yj{x) = Tj^i{x)Tjj^i{x) / gjix) and introduce its modification 

Yj{x) = -■ (16.27) 

(tanhf (x - (1 + UA/)i)tanhf (x + (1 + UM)i))~ 

Note that um is a small negative quantity. Then the conjecture is translated to 

Conjecture 16.7. Yj{x) is analytic and nonzero in the strip |5ma;| < 1 and 
1 + Yj_|_i(x) is analytic and nonzero in the strip |Sma;| < e for small e. 
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This immediately leads to the integral equation 



1 



lnYj(x) = Sji^ln tanh*^ ^(x - (1 + UM)«)tanh^ ^(a; + (1 + um)*) 

/OO If 
^ K{x - x') ln[(l + r,_i(x'))(l + y,+i(x'))]^, (16.28) 

where K{x) is defined in (|16.1ip . The M enters only in the first line in ()16.28p . 
Therefore the Trotter limit M ^ oo can be taken analytically, giving 

\nY,{x) = 6,,D{x) 

rlr' Cl6 291 

K{x-x')H{l + Y,^^{x')){l+Y,^^{x'))]— (j > 1). ^ ' ' 

where D{x) in the driving term is given by 

fl^Jsna^ (16.30) 
^ ^ 2A cosh fx ^ ^ 

These are nothing but the Gaudin-Takahashi equations for the anti-ferromagnetic 
Heisenberg model. Also, they coincide with (|16.10p up to the driving term. The 
free energy per site is obtained from the solution to the above equations as 



l£AV)Mi + y,M)|:, 



Summarizing, we have seen that T-system plays the central role for the quan- 
titative studies on both finite size system and finite temperature system. A wider 
range of the parameter < A < f is treated in |274| under the restriction that 
the continued fractional expansion of tt/A terminates at a finite stage. A suitably 
chosen subset of the fusion QTMs are shown to satisfy a closed set of functional 
relations and it successfully recovers the well known Takahashi-Suzuki continued 
fraction TBA equation |271j without using string hypothesis. See [274] for details. 



16.4. Simplified TBA equations. We continue our discussion on the XXZ spin 
chain at finite temperatures. We retain the definitions of the symbols such as 
(j){x),Tj{x),UM, etc. in the previous subsection. The TBA equation is a coupled 
set of integral equations with (finitely or infinitely) many unknown functions Yj{x). 
It is known that equations change their forms drastically according to a small 
change in coupling constant A |271| . On the other hand, we expect only small 
changes in physical quantities. Thus one may hope alternative formulations that 
are more stable against the change in A. Here we present one such approach which 
also originates from the T-system. It is sometimes referred to as a simplified TBA 
equation [296]. 

The idea is complementary to the QTM method where one pays attention to 
the zeros of Tj{x). In the simplified TBA, one is concerned with singularities of a 
renormalized Tj(x). The latter is defined by 

f{x) = "^J*^^^ (16 31) 

(t){x + {3 + l + UM)i)4>{x-{3 + l + UM)iY 
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where (j){x) is defined in ()16.26p . Note Tj{x) possesses poles of order M/2 at x ~ 
±{j + Accordingly, the first equation of the T-system reads 

fi{x + i)fi{x -i)= f2{x) + b['^'\x), (16.32) 
^(M) ^ <K■^ + {l-UM)mx-il-UM)^) 

1 (bix + il + UM)l)Hx- il + UM)^) 

Let Tj{x) be Tj{x) after the Trotter limit 

Tj{x) = lim fj{x). 

Then ti{x) develops singularity at a; = ±2i. By construction, it is periodic under 
X X + 2pQi, where po = tt/A. We thus assume the expansion 

Ti(x) = 2 + yy- — — +yy — — ^. (16.34) 

We utilize the T-system and information on the locations of singularities to fix Cj 
and Cj. Rewrite the Trotter limit of (|16.32p as 

Ti[x + i) = — -. -H -, (16.35) 

Tl[X — I) Tl(X — I) 

&i(x)= lim 6^^')(x)^cxpf f-^^^"'^ y (16.36) 
M^oo VcoshAx - COS A/ 

The LHS possesses the singularities at x = i, — 3i, while only the first term on the 
RHS possesses singularity at a; = i. Consequently we have 

y=iTi{y-i) ' 2Tii Jy^o Ti{y) 2iTi' 

The contour for the first integral is a small circle centered at y = i and the same 
circle centered at y = for the second. Similarly, by rewriting ()16.32p in the form 
nix -i)^ + ^f^, one finds 

c-=I b^{y-t) ^_, dy 
' Jy=o n(y) 2^1- 

By substituting the expressions for Cj , Cj into (|16.34p and performing the summation 
over j and n, we arrive at the closed integral equation involving ti{x) only: 

^ f I L / ■\ 1 / n \ dy 



Ti(x) = 2 + — ^5l(y + ^)coth-(a•-y-2^) 

+ / bi{y-i)cot\i^{x~y + 2i)-^^ 

Once the above equation is solved, the free energy is given by / = — Inri(O). 

It turned out the new equation works efficiently to produce the high temperature 
expansion. One assumes ri (x) in the form. 



Ti{x) = exp(^^ an{x){l3jy 

n=0 

Then the coefficients an{x) can be iteratively determined. 
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The simplified TBA equations are applied in many different contexts and they 
successfully provide high temperature data of the models |297| I298j . The deriva- 
tion of the simplified TBA equations requires less information on the analyticity. 
Therefore it is quite efficient when the analytic property is difficult to investigate. 
The non-compact case is such an example. See |191) for the applications to certain 
sectors oi Af — i super Yang-Mills theory and |299j to thermodynamics of ladder 
compounds. 

There is however a price to pay. Any eigenvalue of Tj{x) satisfies the same 
equation after renormalization. Therefore the equation itself can not select the right 
answer. Rather, one has to know a priori the right goal to be achieved and start 
from a sufficiently near point to the goal in numerical approaches. The convergence 
becomes also problematic in the low temperature regime and one needs to apply, 
e.g. the Fade approximation to improve the accuracy. 

16.5. Hybrid equations. There is yet further approach to the finite size and the 
finite temperature problems |2951 13001 1301] . It also makes use of a finite set of un- 
known functions and different types of integral equations from those derived in the 
previous sections. Following |302| . we refer to it as NLIE (NonLinear Integral Equa- 
tionjf^ just in order to distinguish it from the other nonlinear integral equations 
discussed hitherto. It turns out that a hybridization of TBA and NLIE is possible 
[303] . The hybrid approach is especially efficient in dealing with thermodynamics 
of higher spin XXZ models as explained below. 

We treat the integrable spin s/2 XXZ model whose Hamiltonian H is obtained 
from the fusion R matrix in Section 13.11 as 

i—l 

where P is the transposition. A simple generalization of the argument in Section 
116.31 tells that the free energy per site is obtained from the largest value of QTM 
Ts{x = 0) consisting of the R matrix acting on Vs (E) Vs. As before we set 



q = e'\ A=- 
Po 

and assume s < po — 1. As in Section [16.3[ we introduce the auxiliary QTM Tj{x). 
This time, we prepare only a finitely many ones {Tj(x)}j^]^, where the integer i is 
arbitrary as far as it is in the range 

s < ^ < 2po - s - 2. (16.37) 

With a suitable normalization, we have the T-system 

Tj{x + i)T,{x - i) = f3{^)T,-i{x)T,+i{x) + gj{x) (1 < j < s - 1), (16.38) 

min(j,s) — 1 

gj{x) := $(a: - (s + j - 2m)i)^{x + (s + j - 2m)i), 



TT 



$(x) := ([x + {l + u)i]^i[x-{l + u}i]^i') 



M/2 



^^The equation first appeared in the context of finite size problem in the XXZ model 12871 . 
The simplest case is sometimes referred to as the DDV equation in the context of integrable field 
theories. 
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where fj{x) = $(a;)*^=. This looks formany the same as ()16.5p . ahhough the mean- 
ing of £ is different here. As usual we set Yj(x) = fj{x)Tj-i{x)Tj+i{x)/gj{x) and 
define its slight modification generalizing (|16.27p as 



AJ r 

(tanh f (x + (1 + u)i) tanh f (x - (1 + ^ 



Then, the modified Y-system holds for 1 < j < ^ - 2. 

In addition we introduce the auxiliary functions b(a;), b(x). They are defined by 
the combination of the terms appearing in the dressed vacuum form of {x) . For 
general n, the dressed vacuum form reads Tn{x) = Y1^2i Am '(a;), where 



^ra \-H ra ) ^ (2m - n - + (2m - 71 - 3)z) ' 



nr=o + (2"^ - n - s - 1 + 2r)i) 



nr=r*-^""-°^$(a;-Gs + l-7i-2r)z)' 
Then the auxiliary functions are defined by 

b(x) = — 77; — (-l<5m.T<0), 



.:) + .. . + Af 



A^'V.T - i) + • • • + A)!/, (x - i) 
b(x) = ^^ ^77^ (0<3mx<l), 



which are assumed to be analytic and nonzero in the strips indicated in the paren- 
theses for the largest eigenvalue of the QTM T^ix). We also introduce 



5B(x) = 1 + b(a;), ^[x) = l + h{x) 
in each analytic strips. There are nice relations among them, e.g. 

- i)Yi^i{x + i) = {l + Ye^2{x))^{x)^{x), 

,f ^ _ H^Y'' Q{x+{l + 2)i) 

n:=i<i'(^ + (^--^ + 2r)*) Q{x~ti) 

v. . _ HxY'^ Q{x~{l + 2)i) 

re=i^(^-(^-s + 2r)j) Q{x + H) 



which can be easily checked by using the definitions. 
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By use of the analyticity assumptions, it is straightforward to derive the following 
equations after the limit Af — > oo. 

/■°° dx' 
hvY,{x) = 5,sD{x) + / K{x-x')H{l + Y,+,{x')){l + Y,_^{x'))] — , 

!<.?■< ^-2, (16.39) 

r°° dx' 
lnY,.i{x) = 6e.i,sD{x) + / K{x - x')\n{l + Ye^2{x')) — 

J-oo 

dx' f ,s , ^ . ,x dx' 



K{x~x')\n<B{x')—+ / K{x-x')\n^{x') — , (16.40) 
C- 27r Jq+ 27r 

/■°° da;' 

\nb{x) = 6esD{x) + / /i:(x - x') ln(l + Yf_i(a;')) 

J-oo 27r 

/■ dr' C - dr' 

+ F{x-x')\n^{x') / F{x-x' +2i)\n^ix')— x€C-, 

Jc- 27r Jcj_ 27r 



(16.41) 



dr' 

\nb{x) = 6esD{x) + I K{x - x')\n{l + Ye^i{x')) — 

27r 



f - dr' r dr' 

+ F{x-x')\n^{x')— - F{x-x' -2i)\n^{x')— x- e C+, 
Jc+ 27r J(j^ 2-K 

(16.42) 

where C+(C_) is a contour just above (below) the real axis. The kernel K{x) is 
given in (|16.1ip and F is related to the spinon S matrix 

Fix) = r -^-^(^"-^-^)\e-^-dfc. 
2 cosh fc sinh fc(po — *) 

The integration constants are found to be zero by comparing asymptotic values of 
the both sides and D{x) is defined in (jl6.30p . 

Obviously (jl6.39l) is a reminiscence of the TBA type equation p6.29p . while 
(|16.4ip and (|16.42p resemble NLIE were it not for the ln(l+Y^_i) term. In this sense 
we call the above equations hybrid. They fix the values of Ys{x). The functional 
relations similar to (|16.13p and the trick mentioned around (jl6.13p then yield the 
evaluation of the free energy per site. 

Remark 16.8. The number I is arbitrary under the condition ()16.37p . This is quite 
different from "genuine" TBA equations at special A |27HI274] . where the number of 
equations is completely determined by A. When A — 0, we can formally put € = oo, 
which recovers the usual TBA equation in the rational limit as argued in Section 
116.31 for s = 1. For s = 1, one can make F{x) null by choosing pq ^ t + 1. The 
resulting system reproduces the known TBA equation corresponding to the level 2 
restricted Y-system for Di+i for the XXZ chain. See [2741 eq.(4.10)-eq.(4.12)] for 
example. For arbitrary s G Z>i. the choice i = s recovers the result in |303) . 

The above equations are numerically stable and yield a quick convergence to the 
unique solution. They are efficient in the analysis of the low temperature regime. 
It is also known that with a suitable modification, one can derive the equations 
for excited states. We again have to pay the price. The systematic algorithm to 
construct the auxiliary functions is still lacking except for q = Ax discussed here. 
This remains as an interesting future problem. 
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